Exercise 2.1 Page No: 41

Find the principal values of the following:

1. )
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sin—1
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4t (3]

w

o
~—+
Q
S
N
-
|_\
N

10. cosec™ | —-,.El

1
Solution 1: Consider y = sin-1 (— E)

Solve the above equation, we have
siny=-1/2
We know that sin n/6 = %
So, siny =-sin n/6
(o

sinyv=sin, —— |
v | 6 |



T
ERE)

Since range of principle value of sin"! is Lo272]
1

Principle value of sin-1 (— ;) is - n/6.

Solution 2:

-1
COos

Lety =

l"“ "
IJ‘{:J-I
| ;

Cosy=cosn/6 (ascosn/6 = V3 /2 )
y =n/6
Since range of principle value of cos™ is [0, ]

2B
cos”| 5|

Therefore, Principle value of ~ T/ is n/6

Solution 3: Cosec ' (2)
Lety = Cosec ' (2)

Cosecy =2

We know that, cosecn /6 = 2

So Cosecy = cosec n /6

. . .
Since range of principle value of cosec™ is -

|

I
2

Therefore, Principle value of Cosec ' (2) is /6.
A~
Solution 4:; @ (-]

Lety = tan ™ (=3



tany =-tan n/3

ortan y = tan (-n/3)

|
a7

|

. . .
Since range of principle value of tan' is L

af B
Therefore, Principle value of tan |-_\'G-| is—n/3.

a1

Cos —
I 2

Solution 5:
af —1]

cos | —
I 2 |

y =
cosy=-1/2

i
COSV =—C05 —
3

cosy = cos(n-n/3) = cos (2n/3)
Since principle value of cos™ is [0, ]

o _."_1".:

Cos —
| 2 |

Therefore, Principle value of is 2n/3.
Solution 6: tan"'(-1)

Lety = tan’'(-1)

tan (y) = -1

tany = -tan n/4

(o
tan v =tan _I'

T
. — .| 9
Since principle value of tan' is L =

S

Therefore, Principle value of tan’'(-1) is - n/4.



SeC
Solution 7:

e “
2 o

o gl

seC | —— |

| |

- E
secy =23

T
SCC VYV =5EC—

Since principle value of sec™ is [0, ]

Therefore, Principle value of

cot™ (3]

Solution 8:

cot™ (V3

coty =3

coty =n/6

Since principle value of cot ' is [0, ]

Therefore, Principle value of

Lety = \~2 )

C

ot

=1

)

is n/6.



1

CosV=——=
g3

/A

COsS Y =—C05—

4

f TI
CDSI—CDS T——I=CDS—
ry 1

b

Since principle value of cos™ is [0, ]

cos . _"r |
Therefore, Principle value of \~2) is 3 n/ 4.

cosec” [ —-..E ]

Solution 10.

_1'_ '-PI
Leyyzcusm: | «.-":_l

COs ec 1-'=—“JE
-
Cosec V =Cos5ec —

-
2

SE

Since principle value of cosec™ is 4

cosec | —«.E ]

Therefore, Principle value of \ lis—-n/4

Find the values of the following:

1

11. wan''(l)+cos?! =— +sin! ——
o) 7

+ 2 sin”!

12. cos”!

1D | =

!
2



13. If sin-t x =y, then

(A)0sy =TT
B)-T<y<®
2 2

C)o<y<m

T y<”
©-5<¥<]

14. tan™ (V/3) - sec ! (-2) is equal to

(A)
(B) -1/3
(C) T3
(D) 2 /3
1 an P I TR g
' tﬂnl[_l_]+cnsl_?i+5m I-Ti
Solution 11. L= L=
-1 T -1 { "T‘.:. I “, . ,'{\‘:
— tan tan—+cos | —cos— |+sin | —sin —
4 \ 3_,’ 6,'
J v ,‘"'Z'\‘; G Bp ,'-'Z'";
= —+C0s T—— |+s51n sin, ——
4 3 _4,’ 6,’
T 2t &
= ——+ _
4 3 6
= 3z+87-27
12
= 97 3w

12 4



Solution 12:

. ] i
= x. Then, cosx =—=cos| —
2 3

s{ 1Y %
sin L” =%
-~ )
Now,

4{1 1Y =m 2m

cos | — |+ 2sin | =

\2) (2 3 6

T T

= —4 —

3 3

2n

Solution 13: Option (B) is correct.

Givensin x =y, ) .

| 7
The range of the principle value of sin"! is L 27°2]

|

T

Therefore, -2 <y < L
2

Solution 14:

Option (I§) is correct.

tan™ (V/3) - sec ' (-2) = tan™ (tan n/3) - sec™ (-sec n/3)
=n/3 -sec (sec (n - n/3))

=n/3-2n/3=-n/3



Exercise 2.2 Page No: 47

Prove the following

1.
] 2 [ 1 1_
35in_1x:5in_1[3r——h"]=1’Ei——=—|
. . | 272/
Solution:
_ L 14 3 I 1 1]
3sin ™ x =sin 1[31’——11"L1’Ei - |
. . 272]

(Use identity: sin 36 =3sin 6—4sin’ 8

Let ¥ =sinh. then

. -1
f=sin"" x

Now, RHS
= sin~1(3x — 4x3)

= sin~1(3sin 6 — 4 sin3 0)

sin—1(sin 3 6)
=36

=3sin” x

= LHS

Hence Proved

2.

S : 1 ]
3cos” x=cos [_—I.T' —31’_]=IE ' ;=1 |



Solution:

S . 1 7
3cos " x=cos [_—1_1:' —31’_L1’Ei 1 |

(=

Using identity: cos36 =4 cos’ §—3cos &
Putx=cos 6

8 =cos™ (x)

Therefore, cos 3 8 = 4x3 - 3x

RHS:

cos™ [.—11’: —3x|

= cos™! (cos 3 0)
=36

=3 cos™ (x)

= LHS

Hence Proved.

3.

-1 = -1 - _11
tan  ——+tan  —=tan —
24 2

Solution:
2 7 1
tan' — +tan' — =tan"' =
2 2

-1 -1 Xty
tan x+tan 1 =tan

Using identity: -



?» T
tan™ — +tan"  —

lHs= 11 24

2 7

— -1 11 24
2 7
1——x—
11 24
1 48477
an

26414

= tan -1 (125/250)
=tan "' (1/2)
= RHS

Hence Proved

Solution:

2tan” x=tan
Use identity:

LHS




= tan"(4/3) + tan”'(1/7)

Again using identity:

-1 -1 Xty
tan x+tan vy =tan
1—xv
We have,
4 1
377
-1 '
t - @
S U
l——x—
3 T
_1,28+3
= tan (22
21-4

=tan'(31/17)

RHS

Write the following functions in the simplest form:

LAl -1

tanT ——— x=0

5. x
Solution:

Let's say x =tan 6 then 6 =tan " x

We get,

oy V1 1 _l‘n_,[\f'1+mn2§—l]

x - tan 7



tan &
an 1[]—::056’]
- sind
.. 8
2sin
=tan~' 2
)
2sin—cos
2
&
_Ian"(tanj]z —="tan'x

This is simplest form of the function.

X I
tan a— .
: . lxl>1
6. o

Solution:

Let us consider, x = sec 0, then 6 = sec™' x

1 1
tﬂn_l = tﬂn_l—
v —1 Jsect8-1
= tan ™ !
tan” &
= t;.j_'[]__l -.L
tan & |

= tan’'(cot 8)
=tan' tan(n/2 - 0)
= (n/2 - )

= n/2-sec'x

This is simplest form of the given function.



l1—cosx
tan'| [——— |, 0<x<™
va l+cosx

Solution:
_ l—cosx .
tan'| [——— |=tan"'
|+ cosx
3
sin—
=tan"’
COs—
A
b
:t:m'][tan— = X
2
1 cosx—sinx 1 - It
[ =l EXE
8 Lcosx+smnx,) 4 4
Solution:

Divide numerator and denominator by cos x, we have

cox(x) _ sin(x)

cos(x) cos(x)

-1

tan (cos(x) sin(x))
cos(x) cos(x)

_ sin(x)

_ cos(x)

= tan 1( sin(x)

cos(x)

o 1—tan x)

tan _
\1+tan x|



tan Z- tan x |
-1 4
tan

— x|
1+tanjtan i |

=tan ' tan(n/4 - x)

=n/4-x

X
lan - —m——= |xl<a
9 \’U“ -l

Solution:
Put x = a sin 8, which implies sin 8 = x/a and 8 = sin"(x/a)

Substitute the values into given function, we get

4 x a asinf
tan” ———— = tan

Va' —a’sin® @

a —x

—lan'{ asin@ ]
avl-sin®@

igass ,[asin(f]

acosl

= tan’'(tan 8)

=0
= sin’'(x/a)

' 2 1\

3ax—x —a a
1| - "
tan | —— |.a>0; <<=

\a” —3ax” J V3 3
10. '
Solution:

After dividing numerator and denominator by a*3 we have



1-3 Z|

La)

Put x/a = tan 6 and 6 = tan"'(x/a)

o 3tanf—tan’ @)

tan -
1-3tan’ 8 |

tan™ (tan 3 6)
=30

= 3 tan’'(x/a)

Find the values of each of the following:

Solution:

(o . a . 7T
=tan | 2cos| 2sin s1ngl:|

-1 [, 7T
=tan | 2cos EXE |:|

= tan™' (2 cos n/3)
=tan(2 x ¥2)
=tan” (1)

=tan' (tan (n/4))

=n/4



12. cot (tan~*a+ cot™a)

Solution:

cot (tan™'a + cot'a) = cotn/2 =0
Using identity: tan™'a + cot'a = n/2

13.

1 . 4 2x | gl=y
tan—| sin ++cos 2 Llxl<ly>0andxy <1
I+x l+y : -

Solution:

Put x =tan 8 and y = tan ®, we have

5

1., 2tané L 1-tan’ @
tan— sin  ——+cCc05  —m8M
l+tan~ & 1+tan~ ¢

=tan1/2[sin"' sin 28 + cos™ cos 2 P]
=tan (1/2)[20 + 2 @]
=tan (6 + @)

tan & +tan @
1—tan & tan @

(x+y) / (1-xy)

S | 0
sin | sin Yotcos 13:i=1=
14. If 5 A , then find the value of x.

Solution:
We know that, sin 90 degrees = sin n/2 = 1

So, given equation turned as,
.1 _

5N 1—+CDS l.T=
=

T

|

-1 J

cos” x=——sin"

|
L | o=



=1 -1
Using identity: sin #+cos  f=p/2

cos x=cos™’

We have,

|._J‘|| =t

Which implies, the value of xis 1/5.

-1 ."l."_]. -1 ."n."+]. b
tan +tan =

15. If x—2 x+2 4 then find the value of x.

Solution:

We have reduced the given equation using below identity:

-1 -1 a1 xty
tan x+tan } =tan
1—xy
x—1 x+1
. —2 x+2 T
tan ™ X J}+' —=—
1— =1 x+1} 4
x—2 )\ x+2)
or

Gl x+2)+(x+1)(x-2) =«
an~t X/ JTVETAN ! _

(x—=2)(x+2)—(x—1)(x+1) 4

or
X +2x—x-2+x" -2x+x-2 &
tan - —— =—
* —4—[x" -1 4
2x2 — 4 T
or

or (2x"2-4)/-3=1
or2x"2 =1

1
+ —
V2

orx=

. 1 1
The value of x is either __ or — _

VZ



Find the values of each of the expressions in Exercises 16 to 18.
16. sin"Y(sin (Z_n))
3

Solution:

: .1 .
Given expression is sin~ “(sin ("))
3

First split2z as G oy ="

3 3 3
After substituting in given we get,

sin~Y(sin (%)) = sin~(sin(r - 5)) =
3 3

T
3

Therefore, the value of sin—! (sin (2_”)) is ™
3 3

17. tan Y(tan )
4

Solution:

_ 3
Given expression is tan™ (tan (%)

Firstsplit3z as "™ orm —"

4 4 4

After substituting in given we get,
tan™L(tan (3_2)) = tan™ l(tan(r — ”Z)) = _7%
-1

The value of tan—1(tan (3_”)) is .
4 4

3
18. () + cot™1))
tan(sin-1 > 2

Solution:

. 3
Given expression is tan(sin™! 3 + cot1")

- () -

5 2

3
Putting, sin~! ¢y =xand cot71(y =y






Orsin(x) = 3/5 and coty = 3/2
Now, sin(x) = 3/5 => cos x = V1 — sin2 x = 4/5 and sec x = 5/4
(using identities: cos x = V1 — sin2 x and sec x = 1/cos X)

Again, tan x = Vseczx =T =v*>—1 =% and tan y = 1/cot(y) = 2/3
16

Now, we can write given expression as,

3
tan(sin=! 3 + cot™!” =tan(x +vy)

tan x+ tan v ) 3 2
— o s =
— l—tanxtan v _ 4 3

=17/6

19. cos1 (COS7—") is equal to
6

(A) 7mr/6 (B) 5l6 (C) m/3 (D) /6
Solution:
Option (B) is correct.

Explanation:

7 7
cos—1(cos ) = cos—1(cos (2m — -
6 6

(As cos (2m —A) = cos A)

7 12nt—7 5
6 6 6



. [«T - 1~\::|
51 ——sin _—; | )
20. 3 “ =/1 is equal to

(A)¥2 (B)1/3(C)va(D) 1
Solution:
Option (D) is correct

Explanation:

. 1
First solve for: sin-1 (— ;)

= sin(m/2)



21. tan* V3 — cot™ (V/3) is equal to

(A) T (B) -m/2 (C)0 (D) 2V3
Solution:

Option (B) is correct.

Explanation:

tan"' /3 - cot" (-v3) can be written as

-1 T af T
=tan tan — —cot —cot—
3 6 )



Miscellaneous Exercise Page No: 51

Find the value of the following:
1. cos~1(cos %

Solution:
T

. 13m _ e —
First solve for, COS— = cos(2 r + ) = C0s
6 & 6

Now: cos1(cos13T) = cos~1(cosZ) = € [0, 1]
6 6 6

[As cos™ cos(x) = x if x € [0, ] ]
he value of cos=1(cos 137) is™. _
6 6

2. tan-1(tan 7m)
6
Solution:
. 7
First solve for, tan?n = tan(m + %) = tan %

Now: tan-1(tan’f) = tan-!(tanZ®) =€ (-n/2, m/2)
6 6 6

[As tantan(x) = xifx € (-m/2, /2) ]

So the value of tan-1(tan 7—g) is T

3. Prove that 2 sin—1 i = tan—! Zi

5 7

Solution:

Step 1: Find the value of cos x and tan x

Let us considersin—1> = x, then sin x = 3/5
5

2
So, cos x = 1—sin2x=\/1—(§) =4/5



tan x = sin x/ cos x = %
Therefore, x = tan™' (3/4), substitute the value of x,

= sin—1§ =tan~! é) (1)

Step 2: Solve LHS
3 3
2sin”! _=2tan"! _
5 4

Using identity: 2tan™' x = tan-1 = tan—l(iz), we get
1—x

2(3)

1—@?2

= tan"'(24/7)

=tan~!(

)

=RHS

Hence Proved.

4. Prove that sin—1 i + sin—1 i = tan! Z

17 5 36

Solution:
Let sin— (f—7) = x then sin x = 8/17

Again, cos x = VT —sinZx = V1 — 2 = 15/17
289

And tan x =sin x/cos x =8/ 15

Again,

3 .
Let sin—! (5) =7y thensiny=3/5



Again, cosy = VT =sin?y =vV1 - 2 = 4/5
25

Andtany=siny/cosy=%
Solve for tan(x + y), using below identity,

tanx +tany
tan(x+y) =———
l—tanx tany

_ 32445
60—24

=77/36
This implies x + y = tan"'(77/36)
Substituting the values back, we have

. 8 . .3 77
sin~! —+ sin~! == tan—! — (Proved)
17 5 36

5. Prove that cos—1 @ + cos1 (Jl-g-) = cos-1 (g)

Solution:
.
Let cos'lizé? Let cos_1%=0
5 3
4 0_12
cos@:z 2 BT
sin@=xfl—cos* @ sing=4/1-cos’ ¢
= I—E = I—E
25 169
3 5
== ==




Solve the expression, Using identity: cos (8 + ¢) = cosB cos ¢ - sinB sin ¢
=4/5x 12/13 - 3/5 x 5/13

= (48-15)/65

= 33/65

This implies cos (8 + ¢) = 33/65

or8 + ¢ =cos’ (33/65)

Putting back the value of 8 and ¢, we get

4

_ 12 33
cos™1 . -1 2%y = -1 22
(5) + cos (13) cos (65

Hence Proved.

-1 (12 in—1 E — gin-—1 E
6. Prove that cos (13) + sin~ (Q) = sin (65)

Solution:
]
Let EDS_II—_=5 Let 5in'11=¢'?
3 3
s
So c05§'=1—- %o ﬂngﬁ:i
13 5

sind =+fl—cos* @ |cosg = 1—5111:'?}

el 1 oy -
169 25

| L

1

Solve the expression, Using identity: sin (8 + ¢) = sin 8 cos ¢ + cos 6 sin ¢

Lid

=5/13 x 4/5 + 12/13 x 3/5
= (20+36)/65

= 56/65



or sin (8 + ¢) = 56/65

or 8+ ¢) =sin-' 56/65

Putting back the value of 8 and ¢, we get

12

cos— 1 — o1 (=
(13) + Sin 5

Hence Proved.

3

) = sin-1 ()
- 65

7.Prove that tan~! (&) =sn -1(5)+ @ -1 3

Solution:
Le Ein'li =68
13
5
50 gqné=—
13

16

13

sing=+/1—cos’ @
|
25
4
e 51n:;?=i
cos@g 3

Solve the expression, Using identity:

tan ( 6+ ¢) =

5 4

+_
=153,
11— X_
12 3

= 63/16

tan &+ tan @
1l —tan ftan ¢

(8 + ¢) =tan" (63/16)

Q)



Putting back the value of 6 and ¢, we get

63 _ 5 3
tan—1 (_) =sin=1(__) + cos™! (_)
16 13 5

Hence Proved.

1 1 1 1
8. Prove that tan-1 () + tan-1(-) + tan-1(-) + tan-1(-) = z

] 5 7 3 8 4
Solution:

LHS = (tan! ! -1 1 -1 1 -1 1
(E) + tan (—7)) + (tan (;) + tan (;))

Solve above expressions, using below identity:

-1 -1 a1 Xty
tan x+tan  =tan

1—xy
47 s
= tan~1(_577 ) + tan"1(_ 378 )
1—x2 1—x2
5 7 3 8
After simplifying, we have
=tan™' (6/17) + tan™' (11/23)

Again, applying the formula, we get

_.al 17 23 |
6 1

SETT),

6 11
+

After simplifying,
= tan"1(325/325)
=tan' (1)

=n/4



9. Prove that tan—1v/x—= 1_c0s—1 I xe 0,1
2 1+x

Solution:

Let tan-1vx =0, then vx =tan @
Squaring both the sides
tan? 6 = x

Now, substitute the value of x in lcos1! 1__x, we get
2 1+x

1 1-tan?8)
—Cos | ————— |
2 l+tan 8

= Y2 cos-1(cos 2 0)
=% (20)
=0

= tan—1/x

\/’ - \/’ _ -
1+sinx + v1 smx) =§,X e (0, /4)

1
10. Prove that cot™ (3o =—r =

Solution:
We can write 1+ sin x as,

-

i1
- =

. X, X X, x { : Lo
l+sin x=cos"—+sin”—+2cos—sin— COs—+sin— |
2 2 2 2=\ 12 2)
And
, s X, . X x, x | x ., x\
l-sinx=cos" —+sin* ——2cos—sin— =  cos— —sin —
%Y 9] ¥ . | ¥ 3|

LHS:



a1 'f\f1+sin x +f1—sin x|
5\h\.'r1+sin x —+fl —sin 1|

cot

f _-ll.- . _-ll.-"': i _.- . _.-"':
COs—+s8in— |+ COs——sil—
| 7 | 2

( 2| 2|

= cot ™| —= B <
COsS—+8n— | — COsS——35in—

12 2) U2 2)

2cos(;_)
= cot” (—=)

25in(2)
= cot! (cot (x/2)
= X/2

Vit+x — 1

11. Prove that tan ——  __— )=z— —coslx, — —
(\/1+x+\/1—) 4 2 V2
[Hint: Put x = cos 2 0]

Solution:

1 5
Put x=rcos 28 50.5‘=;c05 X

LHS = tan_l.:—' +x-Afl-x)
NI+ x+ 1—.1:;_}

-1 1+ cos28 —f1—cos28 \
J1+cos28 +4/1—cos28 l

= tan

a1 'fﬂflcaﬁz 8 —+2sin’ E\\:

= tan
:1'\!2!:05: Ef'+\f25in: E:

B a1 -\E Cos E—ﬁﬁinuﬁ'%\!

= tan
«.E cos |§'+~,Eﬁin .ﬁ‘l

Divide each term by vZ cos 6



=t
\1+tan & )
T \
tan ——tan & |
-1
= tan p _
1+tan'1tané' :

= RHS

Hence proved

9r 9 . 1 9 . _2yI
12. Provethat?——sm 1_=gin 1=
Solution:

9 9 . 11
LHS = —— Zsin~ 1=
8 4 3

9 '-'-'.:'_J_r - | 1 |
= — ——sin —
441 2 3)
_ 9 a1
= —cos —
4 3
....... (1)
sin” @+cos " & =E
(Using identity: 2)

Let® =cos™ (1/3), so cos 8 = 1/3

As
7 || 2a42
sinf=+1—cos* &= l—éz\lgz ;r




. . 9 . 1 22
Using equation (1), _SIn" - _
4 3

Which is right hand side of the expression.
Solve the following equations:

13. 2tan (cos x) =tan (2 cosec x)
Solution:

2tan”" (cosx)=tan - (2cosec x|

o 2eosx ) gl 20

tan T | =tan - |

l—cos” x L sinx
leosx 2

l—cos”x sinx

COos X

1

sin x
Cotx=1

X =n/4

L(1-x)

1 . .
tan | |=;tan_1 x ) x=0])
14. Solve d+x) 2

Solution:

Putx=tan 6

-1 ';.1_.1"‘\: 1 -1

W1+x) N 2 *

tan

This implies



tan =—tan tan &
\l+tang ) 2
tan — —tan & 1
an =—4
tan — +tan &
tan_ltan. ——u_"-.?':zE
L ) 2
n4-6=06/2
or30/2=n/4
6 =n/6

Therefore, x = tan 8 = tan n/6 = 14/3

A
sin | tan .'l.’_|=|_'l.’|-c21

15. is equal to

X 1
(A) = (B)

1-x° 1—x

1 i

(C) = (D) =
vi+x J14 7

Solution:

Option (D) is correct.

Explanation:
let §=tan™" x so,x=tan#

Again, Let’s say



. 1.0 .
sin|tan™ x| =sin&

This implies,
sin(tan™ x| = ! = ! -
) © cosect ~JJ1+cnt‘ &
1 1
Put cotf=——=—
tand x
Which shows,
sin [' tan™ x| = 1 = 1
\Hl_l_i: «.u'r.r +1
«
sin”! {1—x)—2 sin”! .T=§
16. < then x is equal to

(A) 0,2 B) 1,2 (C) 0 (D) %
Solution:
Option (C) is correct.

Explanation:
Putsin"x=6 So, x=sind

Now,

sin™! (1—x)—2sin L=

| H



=

sin” (1-x)—28 =

k|

L, LT
sin 1[1—1’]=—+25‘
. =3

(T, )

l—-x=sin, —+2F

L2 )
l-x=cos 28

1-x=1-2x"
(As x=sin 0)
After simplifying, we get
x(2x-1)=0
x=0o0r2x-1=0
x=0orx="7%"%

Equation is not true for x = 2. So the answer is x = 0.

1 [ .Tl‘\: -1 4 =¥ h
tan — I—t;an |
17. S VETY s equal to
(A) /2 (B) /3 (C) /4 (D) -3 /4
Solution:

Option (C) is correct.
Explanation:

Given expression can be written as,



Ll X +x—x+t

Lty X -

)

X+

= tan

=tan’ (1)

=n/4
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