Chapter - 7 INTEGRAL

® Indefinite Integral
d
If —[f@)] = F(x), then [FG)dx = flx) + C
Here, f{x) + C is called indefinite integral of F(x), called the integrand, C is called the constant of integration.

e Standard Results on Integration
The integrals of standard functions as known from the process of differentiation are as follows :

n+l
. e - ol nastnnd 0l
Q [x di==—+Cn#-1) (i) [dv=[1-dv=[x"dx=x+C
1 X
(iii) [—dx=logx +C (iv) [a*dx=—— +C
o loga
(v) je" de =t (vi) Isinxaix =-—cosx + C
(vii) [cosxdx = sinx + C (viii) [sec? xdx = tanx + C
(ix) J secx tanx dx = secx + C (x) jcoseczx dx =—cotx +C
(xi) jcosecx cotx dx = —cosecx + C (xii) _ftanx dx = log |secx| + C
(xiii) Icotx dx = log |sinx| + C (xiv) J'secx dx = log |secx + tan x| + C
3 dx :
(xv) Icosecx dx = log |cosecx —cot x| + C  (xvi) j — sinlx + C=—cos1x + C
1-x

(xvii) j S tanlx + C=—cotlx + C  (xviii) IL = seclx + C = —cosec™lx + C
1+ Jc2 xy x2 -1
3 d
(xix) Z!E[ | f(x)dx} = fix) (x) [ ()dx=k[ f(x)dx, ke R

(xi) [[£(0)+g(0)]dx=[ f(x)de [ g(x)d

Note: On integrating function by two different methods, two different results may be obtained. However, these two
results always differ by a constant. For example in (xvi) above.

1
J > dx = sin”'x + C and ~cos™'x + C,
Ilie=sis
; . y
Now, sl g 5C = (eos 'z + C) =sin's 4 covlamt C-C, = =

> + C - C[ = constant.

o If If(x)dsz(x),then If(aﬂb)dx:MJrc
a



e Extended Standard Forms

j s _ea’x 3 1o eax+b
(@) (@ [e di="— +C (b) ferb dx = et 6
(©) [sin(ax + b dx = 5‘”‘&2"”@ + C etc.
= a6 (aerb)nH
 flcsrae il

e Integral of the Form I %dx=log| T~ C.
® Integration by Parts
[RGA@ = £, [fxdx - | H%fl (x)}- [ fz(x)dx}dx

e Integration by Partial Fractions

. T : ok 3
Rational function : Rational function is defined as the ratio of two polynomials in the form of 3475 where P(x)

and Q(x) are polynomials in x. o)

If the degree of P(x) is less than degree of Q(x), then it is said to be Proper, otherwise it is called an Improper
Rational Function.

P(x)

Thus, if o) is improper, then by long division method it can be reduced to proper function, i.e.,
P P\(x) ; : Pi(x) : :
% = Tx) + %, where 7(x) is a function of x and Ql(x) is a proper rational function.
Such fractions as integrands can be evaluated by breaking in factors given as follows :
S.No. |  Form of the rational function Form of the parial fraction
+ A B
@ | =L —@=b) ,
(x—a)(x—b) c—ay *(x—b)
e pPx+gq A B
(i1) 2 ZE 2
(x—-a) (x—a) (x-a)
2 A B &
(iD pX“+gx+r i b
(x—a)x—b)x-c) (x=a).. (x84 Gt
2 A B . C
+gx+
gkl = e o
(x—a) (x—b) (x-a) (x—a)* (x-b)
2
W) px +3qx+r A M B - G <) Db
(x—a)’ (x—b) (x-a) (x=a) (x—a)y (x-b)
0 A Bx+C
3 px"tgx+r Uz 5
(vi) ) (x—a) x“+bx+c
(x—a)(x“ +bx+c) 5
Where, x* + bx + ¢ cannot be factored further.

The constants A, B, C etc. are obtained by equating coefficients of like terms from both sides or by substituting
any value for x on both sides.
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® Definite Integrals

Let f{x) be a continuous function defined on the internal [a, b]. If j f(x)dx = F(x) then I f(x)dx =F(b)—F(a) is
called the definite integral of f{x) between a and b.

a

® The value of a definite integral is unique. It does not depend upon the constant.

® Properties of Definite Integrals

b a b (e b
@) [fCo)dx=—[ f(x)ax (i) [fCode=[fe)de+ [ £(x)dx
a b a a &
b b a
(i) [ f()de=[f(0)dt (i) [f(x)dx=0.
; : ; Z a
W) jf'(x)dr= j fla+b-x)dx - (vi) j f(x)dx = J fla-x)dx

(vii) I Ji(X)de= 2] f(x)dx, when f(x) is an even function, i.e., when f{—x) = f(x).

0, when f(x) is an odd function, i.e, when f{—x) = —f(x).
2a a :
wiil) [ f(x)=2[ f(x),if A2a - x) = fix).
0 0

= 0 if f2a — x) = —Ax).
e Some Important Results

m/2 /2 /2 /2
(i) I log(sin x)dx = J- log(cosx)dx———log2 (ii) I log(sin x)dx = I log(cotx)dx =0

rc/ 2 n/z n/ 2 n/2
(iii) I log(sec x)dx = _[ log(cos x)dx = o) 10g2 (iv) I log(cosec x)dx = j log(sin x)dx = —log 2,
0 0

e Standard substitutions

S.No. Integrals form Substitution
i ) ,/ ~ 52 ‘X = a sin 0,
,/ orx =acos 0
(ii) 2 a? x = a tan 9, a cot O
,/ orx =qsinh 0
iy N =g x = a sec 0, a cosec 0
\/ orx =aqcosh 0O

a+x 1
1 x(a+x), = 2 2
(iv) "a+x \’ » X( ) m x =a tan? 0, a cot® O




)

x = a sin?0, a cos’0

(vi) e x;a,\/x(x—a)—~1—

x = a sec?0, a cosec’0

T e x = a cos 26
a-+x a—Xx
(viii) Eiz, \/(x—a)(B—x),(B>oc) x = o cos?0 + P sin?0

QUESTION BANK
MULTIPLE CHOICE QUESTIONS

1. Ia3x+3dx ="
a3x+3 a3x+3
(a) = +C (b) T +C (c) 3a**3 loga + C
2. Ifj = = eyl xﬂpsthenthevalue of Pis:
(=B Sl Sy 14
(a) 2 (b) 3 (c) 4
3 ja\/; -
. \/; ‘
Jx
(a) 2a‘/;logea e (b) 12(:; a+C (c) 2aﬁ10g10a+C
e
4. J.(Sinx-l-cosx)2 dx is:
(a) x + 51“22" i (b) x — °°;2x e (c) x — 2cos2x + C
2
53 I =] 3 dx is:
1+x

~1

@ideg |l 3.+ C

j 0052

7cos

X - sin2 X
5 5 dx
xsin” x

(a) —71(cotx — 2tanx) + C

Sx4

5 dexls
(@ Vx> +9+C

(b) 3log |1 + x| +C () %log Mt se

(b) %(2303 + tanx) + C (¢) —71(cotx + tanx) + C

®) 2Vx° -9 +C

(©) 205+ 9) + C

(d) a®**loga + C

@) 1

(d) 24"¥% log,10+C

) x2_00;2x+c

() 3 log |x}] + C

(d) %(cotx — tanx) + C

d) 2Vx°+9 +C

4



=]

10

11.

12.

J

|

0

dx 1s:
9+x2

(a) tan™! % + C

4
206 x° dx is:

@ S5(e+1)

T

4

: I 2x cosx2dyx is:
0

1

b

13.

a

(@) 1

(a) sinx

j’-?;cos(logx) yos B!

X
(a) 3 sin(log 3)

+e
_{ f(x)dx is:

+C

b
@ [f(x+c)dx

14. J-cos*l(sinx)a!x is :

15

16.

1

=)

-

J

x2

¥
S el L
@ D)

sec” xtan x dx is:
Lt
() sec J;tan XiC

dx
1s
x+xlogx

(a) log |x| + C

J.x3 sin4(x4)cos(x4) GXI8:

Lo
(a) 50 Sin (o) EAE

(b) tan! % e

(b) 5e

1
® 75

(b) —sinx

(b) 3 cos(log 3)

b
®) [f(x—c)dx

(®) %x+x2+C

(b) gse:x)“ L C

(b) log |[1+logx| + C

(b) 516 sin(¥) + C

1k

it

(c) (- 1)

~1
O

If j S f(x) + £(x)] dx = e'sinx + C, then f(x) is equal to:

(c) cosx — sinx

© 1
b
© [f@x)ax

T X
—x-— +C
Gy

3
(c)tanx+c

(c) log [x+logx| + C

e e
() 20 sin’(x*) + C

d) tan!Z + C

() 5(e - 1)

@ V2

(d) sinx + cosx

T
OF:

b—c
@ [ fxax

tanx*

TEE
4

(d

(d) log [1+x| + C

@ % sin(x*) + C



/4 3
tan™ x .
(iR e

18.
5 1+cos2x
1 1
@) ¢ (b) ¢
1
19, [RELEN) 4y
0 X
(a) 4 log2 (b) 2 log4
2. e g
sin” x+cos” x
(a) tanl(tan2x) + C (b) tan"!(tan%x) + C
;1 2cos2x :
21. j e is:
l+sin2x
0
(a) log4 (b) log2
Gy 1 1
2. If jle—d:=a, then [—%—dr is:
0 i 0(1+t)
@a-1+> bya+1+:
1 :
23. dx is :
'[\/x—xz
(@) sinl(x-1)+C () sin”l(x + 1) + C
24, If f'(x) = \/;andf(l) = 2, then value of f(x) is :
@ 3 @2+ 2) ® § @2+ 2)
X
25. Jee e* dx is:
@ & +C (b) & +C
-26. Ie"“’tx cosecZx dx is :
(a) eCOSeCX + C (b) e—cotx + C
% X X
27 I(sinz——cosz —j dx is:
: % 9 2
(@ 1 ®) 3
sinx
y | i gl =
- jsin(x—a)

(a)xcosa—sinalogsin(x—aj+c
(c) x sin o — sin o log sin (x — a) + C

(©) 3

(c) 2 log2

(c) tan"!(secx) + C

(c) cos®x

E A

(c)a-1-
() sinc'@x — 1) + C
© 5 @2+2)

() e+ C

(C) Qe o +

(c)m

OF

(d) -2 log2

(d) tan!(sec?x) + C

(d) tanx

£

da+1l-

(d) =ipc et 1)+ €
1

@ 5 &2+ 2)

d &+ C

(d) 2 e—COSGCI + C

(d) 0

(b)xcosa+sin0&logsin(x-—0¢)+c.
(d) x sin o + sin o log sin (x — o) + C



29.

\o

30.

J. (1 +sin§) =

(a) l(cosi‘msinfjm (b) 4(cos£—sin£J+C
| b 4 £

J~1+coszx

sin® x

dx =

(@) —cotx—2x+C

(b) -2 cot x — 2x + C

(cj 4| sinZ —cosZ |+C (d) 4 sin£+cos£]+c
4 4 4 4

(c) —2cotx—x +C (d 2cotx+x+C

31. j—.;_—‘i’i.mz
sinx + cosx
T (n x 1 W 1 [n x)
log tan| —+— [+ C ——= —logtan| —+— |+ C (d) =logsec| —+—=|+C
(a) log an(8 2] (b) logtan(8 2J+C (c) 77 %8 (8 2} () Fogseeizt3
32. dexis equal to
cosx —cosO
(a) 2(sin x + x cos @) T (b) 2(sin x — x cos 6) + C
(c) 2(sin x +:2x eos @) + C (d) 2(sin x — 2x cos B) + C
1-x e
33. Iex( 2) dx is equal to
1+x
ex e—x _'_e.I _ex
a =#C b) ———=+C c +C ()~ hl
@ 1+ x? ®) (1+x2)2 © 1+x% (1+x2)2
34. ‘{______._._m dx =
sinx cos x
2 e
2 +C 2Jtanx +C +C d +C
(@) 2Vsecx (b) 2Vianx ©) T—= @ =
o :
xe .
dx is equal to
P j(1+x)2
& e * & &~
¢ by — +C +C d) - +€
V(a) 1+x+ ® 1+x © 1+x @ 1+x
36. If J.xezx dx is equal to x?¢ f{x) + C, where C is constant of integration, then f{x) is :
(Bx-1) : (2x+1) 2x-1 x—4
W &) = Gl @) =
X1 . _
37. If jwdxwx &)+ C, then fix) =
1+ cosx
(a) sin )2—5 (b) cos % (c) tan 12_c (d) log %
38. 1, = [sin'xdv and I, = [sin™'V1-x* dr, then
@1, =1 (b)lz=gl1 (c)11+12=g (d)Il_IZ:g



39.

40.

41.

42,

43.

44,

45.

46.

47.

48.

49.

2 (g
J.ex(———zjdxis equal to

1 Gt
2 2
@) e ®) -
/2
_[ xsin® xcos® x dx is equal to
2 :
e 2
KL by
@ & ®) T
e cotx
I ————2dx is equal to :
cotx ++/tanx
(@n () 3
/2
I log tanx dx =
(a) g log 2 (b) —g log 2
e
The value of Sash S dx 18
{ J5—x++x
(a) 1 (b) 0
. ; :
j — is equal to
5 1+sinx
-1 b ’I_I
@ ® %
2
j|x ~1|dx =
(a) 0 (b) 2
/2

I sin 2x log tanx dx is equal to :
0

@mn _ (mg

T /() .

o J(®)+fQ2a-x)

(@) a @g
]-olog(l+2xz)dx_

0 1+x

(a) 7 log % (b) m log 2
lim [1+L+ . +...+i}:0
n—eo|ln n+l n+2 2n

(@) 0 (b) log, 4

© 208,

(@%

© 7
(©) m log 2
© -1
©m

(G} =
© 0

(c) 2a

() 27 log -;-

(c) log, 3

@<

(m%

T
(d) 3

(d) 0

@ 3
@3

@ 1

(d) 2=

(d) 0

(d) 27 log 2

(d) log, 2



50. 1t [<22=1e% gy is equal to
: sinx +1 e
X e ] X
@ S22+ ® c-Z52 © C-—
I+sinx 14sinx l+sinx
1
51. Evaluate : J- = 5—dx
1+3sin“ x+8cos“ x
1 1 2tanx
(a) gtan‘1 (2tan x) + C  (b) tan”! (2tan x) + C (c) —6—tan" 3 +C
52. Evaluate : [ |——dx
4-x
3/2 : 3/2
(a) gsin_1 2 - e (b) zsin_l(x:”’f2)+C (c) 2sin~L| 2= (8iC
3 2 g 2
x2
53. Evaluate : j dx
2
x“=1
1 x—1 1 x+1 1 x=1
a) x—=log|2—|#€ (b} x+-log| = |+C relop e
Ll Z(g(x+J ke 2(%(x~J © zt5 g(x+J
54. If | xlog[l-r—l—]dx: f(x)log(x+1)+ g(x)x* + Lx +C, then
X 3

55

56.

57.

58.

59.

@ fo) = 22 (®) g() = log x @©L=1
(xz—l) _ -
mdﬁf is equal to :
2 2 2

b 3= &l < il _1__ Sl
(a) sec [xﬁx ]+C (b) \Esec (ﬂ———ﬁx }+C (c) ﬁsec (ﬁx J+C
/2 sinx

- dx equals :

; ZSlnx+2cosx

@ 2 () ©F

Let f(x) be a polynomial of degree three satisfying f(0) = —1 and f(1) = 0. Also, 0 is a stationary point of f(x).

X
(d) C_e CosXx

1+sinx

(d) None of these
A
- — |+C
(d) 33m ( 5
(d) None of these

(d) None of these

(d) None of these

b
@ =

If f(x) does not have an extremum at x = 0, then which of the following is equal to Iﬂ—)—dx

(a)%2+c (b) x + C (c)%a—+C
J‘__l__dx =

xvx® -1

(@ cos'x+C (b) sec! x + C (c)hcotx % C

10 10

mdx is equal to :
0
(a) 10

(® 5 (©) 2

x3-1
(d) None of these

(d) tan! x + C

@3



60.

ik

62.

63.

64.

65.

n

66.

67.

68.

ol

lim
o0
x—> e4x

(a) 0 (b) =

o sinx
Evaluate j —zdx
0 1+cos“ x

dx equals :

T L
@ 3 ®) 7

Evaluate : Ixtan_lxdx

%(x2+ 1) tan™! x—%x+ C

(2)

1 e 1
=(x=="tan x — =x +(

ar
Find the value of | |sinx|dx
0
(a) 8 (b) 6
0]
I is equal to :
2 253
AT xs)
(3n-8) 3n
b —
324° ®) Toa

I4cos (x + %)cos 2.7c.c:os(%1r + xjdx is equal to :

@ (H sindx +sin2x)+c
o
4 0

© —[x— sin4x . sm2x]+c

4 9
I 2 equals
g l+e*
(a) log2 -1 (b) log 2
e
valuate :
0 2-x2
11:
= Y
@ % ®)
Letl = dx and I, = | —dx, then
Jv‘l—z-x I
@I >1 (b) L=k

©) 2

(© g

1
@ 3
(d) m

1

(b) %(x2+l)tan"1x+-£x+c

(d) None of these

(c) 4

®) —(x-}- sindx

4
@ m[x_sin:x
(c) logd4-1
© 5

(c) L=k

@ 2
In—4
d
@ 16a5
sin2xJ+C
2
+0052x)+c
2
(d) - log 2
-z
(d) 3

(d) None of these



69.

70.

71.

72.

i

74.

T2

76.

71.

7. |

e
I = j-(lnx)m dx , where m € N, then I, + 19 I, is equal to :

) 10

(a) €' (b) () e

I

1-sinx

{8) x - cosx it {B):1 + sy +C (c)secx—-tanx + C

If IZcosx-—51nx+7de = A In |(cosx + sinx — 2)| + Bx + C

cosx+sinx—2
Then the ordered triplet A, B, A is :

L5 34 1 ]
@ (331 o (33 @ 53]

J-x +sinx e
1+cosx
(a) cot g +C (b) x tan % +C (c) log(1 + cos x) + C
/2
The value of integral j 9(x) GCoIN &
3 0(x)+(n/2-x)
@ % ®) 2 ©m
el
X
Evaluate |[——" - dx
V““{ﬁ:@&
1
(a) 1 (b) 0 (©) 3

Lo 5o 2 o 2.3
X
0 0 1

@ L > 1, ) L1, ©L=1
cosx 1 0 /2
If ix) = 1 2cosx 1 , then I f(x)dx is equal to :
0 1 2cosx 0
1 : =¥ 1
(a) 2 e (© >
n
1§ .[[x]dx = 66, then n =
0
(2) 24 ) 9 (©) 12
1
dx e
(2 52" =1
Gt e (b) e L e
-1 x+1 x+1

(de-1

() sec x + tAAREHE

|
ofid

(d)xtan§+tanx+C

(d) None of these
(d) 2

(=1,

@1

(d) 7

+C

(d)
x +1
1



. The value of j—-———dx is :

sin xcos x
(a) tanx — cotx + C (b) tanx + cotx + C (c) —tanx — cotx + C (d) None of these
dx
VI [————=alog |l + ¥ + b tanlx + ¢ 10g|x+2|+C then,
(x+2)(x“+1)
1 . 1 -1 2 1 2
=—— b=-= b)a=—b=-—"= B o ==
e e W e S ST
/2
J' \1-sin 2x dx is equal to :
0
(a) 242 (b) 2(\/5 +1) (e (d) 2(\/5-1)
i T
s TP dx=—, then a =
J 1+ 4x? 8
1 1 1
i 1 e =
@ 5 ®) © 5 OF
1
; I is equal to :
pe +e ¥
@) T - tan”! e (b) tan e — & () tan! 1T (d) tan” e
2 4 Pl
9 X
: J-10x 14;)10 loglde il
x " +10%
(@) 10x - x'°+C () 10 =F ' FC () (10x — x"§l £ () log (10* 1t C
5 Ide equals :
cos (e x)
(a) — cot (ex*) + C (b) tan (xe*) + C (c) tan(e®) + C (d) cot(e) + C
dx
g I—i—-—-—-———-— equals :
x“+2x+2

@ xtan! (x+1)+C (b)tan! (x+1)+C © (+Dtanr! x+C  (d) tan! x + C
dx

I——— equals :

\I9Jc—4x2

() ésin‘l [9x8—8) +C (b —;-sin" (ng'g) +C (o) % sin! [gxg_g] +C (@) % sin™! [9,6;3) +C
s J'\/xz —8x+7 dx is equal to :

@ 2 @- V2 —8x+7 +9logl—4+ Vx> 8r+7|+C

©) 5 6+ Y32 —gxr7 +9log e+ 4+ X2 _gx 47| +C

©) %(x—4)\/x2-—8x+7 + 258000 bl ? et

@ 2 -2 wre7 ~Tlogl -4+ ¥ Sgxe7l 4 C

12



89.

91.

92.

83,

94.

95.

96.

Lt

N 1

1/3
The value of integral _[ (x—{—)—dx is :
1/3 xt

(a) 6 (®) 0

4+3cosx

™2 (4+3sinx
. The value of j log(——-—»)dx is
0

3
2 b) =
@ ® 3
/2
The value of j (x3 +xcosx+tan’ x+1)dx
—n/2

(@ 0 (b) 2

1
The value of jtan_1 (ﬁ—_—lf]dx is equal to :
0 l+x—x

(a) 1 (b) 0

b
If la + b — x) = fix), then j xf(x) dx is equal to :

a

a+b a+b

(@) —jf(b ¥~ b}

[ f(b+x)dx

ax
ezt

@ ;

sin"}(a¥)+C (b) log, a sin” (@) + C

e

I x%dx

(xsinx + cos x)2

—XSECX
6 ————+ itnsC
xXsimmx -+ Ccosx

‘ XseCx
() —————+tanx+C
Xsinx+cosx

n
Ify2 =2 -x+1and 1, = jfy—dx and AL + BL, + CI,
1
@ (3-31) ® G, 1,0

J‘4co§{x + %)cos 23&:.(;05(5?1t + dex =

@ _(M_ sindx : sm2x}+ c

4 P

£ =
© __(x_sm4 JC+SlIl2 xj+ c

(c) 3 (d) 4
(© 0 7 )
(©) T @ 1
(c) -1 @ %
b—ab a+b
© - [f()ax oies j Sy
o 1 -1, x
(c) 10geasm (@)+C (d) Bies os (a)+C
) e a4

xsinx + cosx

(d) None of these

= x2y, then ordered triplet A, B, C is :

(@ [33 ]

eyl — 1.2

4

®) —(x+ sindx

(@ ‘(x"

sin2x
2

2

Jre

sin4x 3 cost}_ C

13



98. J X1+ x12) 138 gy =

(a) %(1 18 x71/2)710/3 & (a (b) %(I SE xl/2)—10/3 +C

log(x+1)—logx
x(x+1)

2
(a) _l[log(ﬁl)] +C
2 ¥
(c) wlog{log[ +1]:|+C
¥

Jx
100. I is equal to :
va® - x>

3/2 3/2
(@) %sin'l(f—) 1 (b) %sin“l[g] 55

99. I dx is equal to :

172
(c) “(I-H; )"i'C (d) none of these
(b) C - [{log(x + 1)} — (log x)’]

) —log[x+1] +C

X

) v 3/2
(c) gcos—l(m) +C  (d) None of these

a a
8
4
(0l
'[ W)
3 3 5 5 5
(2) -’55-——3)35*+2x+c (b) x—_%hzx-fc (© %+%—2x+c (d) x—+%+2x+c

b

102. A function f is continuous for all x = 0. If f is continuous on [a, b], Then I f(x)=0

Then answer the following questions.

Answer the following questions :

a

(i) If g:[0, a] is continuous and f(x) = f(a — x), g(x) + g(a — x) = 2, then I f(x)g(x)dx =

(a) Tg(x)dx (b) [/ ()
0 0

3n/4
G |

/4

@ n(\2-1)

—dx =
1+sinx

(b) T(~2+1)

b
(ii1) If fla + b — x) = f(x), then Ixf(x)dxz

a+b a+b

j f(b-x)dx

jf(a+b+x)dx (b)

0
(© 2 [ f(x)ax (d) 0
0
(©) 2m\2 d) m2
© “—”’ j Fd

14



(iv) } £oos |:[2 sin (% cos xj dx:H =
0

@ m ®) 5
1 4 4
1-
(v) The value of I%"%de 15-%
0 X
22 B
Sl ®) T0s

103. Using the formula judv = uv - [vav,

©Z @0
4 LS5
(c) 0 (d B

There are always exceptions, but these are generally helpful (ILATE).

The steps of applying ILATE rule :

e Identity the type of each function as inverse trigonometric (I), Logarithmic (L), Algebraic (A), Trigonometric

(T), or Exponential (E).

e See which of the given functions comes first in the order of ILATE and choose it as the first function.

e Select the remaining function as the second function.

® Then apply the integration by parts formula.
Answer the following questions :
@) [ logx dx =

(b) '%410gx ~ )—Ci FHE

4
(a) %logx+x—+c T

16

(ii) j x* sinx dx =
(8)7=¢= cosx + 2x sinx + Zeasx + C
() —x2 cosx — 2x sinx — 2cosx + C

(iii) [sinx log(cosx)dx =

(a) cosx log sinx + cosx + C
(c) —cosx log cosx — sinx + C

(iv) _[ sec’x dx is equal to :

(a) % (secx tanx + log secx + tanx]) + C
(c) é (secx + tanx + log |secx + tanx|) + C
(v) je" sinx dx is equal to

(a) % (sinx — cosx) + C

(c) % (sinx — cosx) + C

2 4
(©) %logx Ay (d) ’fflogx +C

16

(b) x2 cosx — 2x sinx + 2cosx + C
() x% cosx - 2x s+ 3sinx +C

(b) —cosx log sinx + cosx + C
(d) —cosx log (cosx) + cosx + C

(b) % (secx + log |secx + tanx]) + C

-(d) secx tanx + 2log |secx + tanx| + C

(b) %x (sinx — cosx) + C

(d) ezx (cosx — sinx) + C

1.0 2o by s 4 (D) 5. (c)
1 @ d2. @) 43 © A 1718 )
I ). 22 2% ey Ph(b) s 25.(h)
.G 3 -G 30 85 o

6. (c) 7. (d) 8. (b) 9.(d)  10. (b)
16. ®) 17.(c) 18.(a) 19.(d)  20.(b)
26, (b) . 27.4d). 2Ba(b)  29.() © 30.(c)
36.(c) 37.(c) 38.(c) 39.(c) 40.(a)

15



41.

© 2 4B M@ 45(d 46.() 47.(a 48. (). 49.(d)

51.(c) 52.(a 53.(c) 54.(d 55.() 56.(c) 57.(b) 58.(b) 59.(b)
6. c) 62.(b) 63.(a) 64.(a) 65 (a) 66.(b) 67.(a) 68.(b)  69.(c)
Nl 720y 1.0 . 746 S5 36 T 18 .G
8. ) 82.(a) 8. () 84.(0) 85 () . 86.(c) . 87.(b) -. 88.(d) . 89.(a)
91.(c) 92.(b) 93.(d 94.(a) 95.() 96.(d) 97.(a) 98.(a  99.(a)

101. (d)

102. () (b) (i) (@ (i) (¢) (v)(d) (V) (@ 103. (1) (b) (@) (@ (i) @ ((v) (@)

' Hints to Some Selected Questions
x +3
1(b).l.sx3dx—3logaJrc b=
R TN
3. (b) Let Vx =t = Z—Ea:x:dzzzjadr-z logea+c 2logea+c.
4. (b) (1 + 2 sinx cosx)dx = x — GE F G

10.

11.

12.

13.

14.

15.

16.

18.

1

. (¢) Let 1 + x> =t = 3x% dx = dt. So the given integral becomes % J.% dt =< log (1 +x%)+C.

3

. () % I(coseczx — secx)dx = % (—cotx — tanx) + C

. (d) Let x*+9 = t = 5x* dx = dt. So, the given integral becomes _[;5175 dt =212 =2.x°19+C
ek

.(b)I9+x2 =tan! T+ C

1
. (d) Let x* = t = 4x3dx = dt. So, the given integral becomes — I ’dt—S[ t} =5e-1)

0

/4
(b) Let x> = t = 2xdx = dt. So the given integral become I costdt = [siﬂ t]g/ e

"%
0
(a) j e f(x)dx + jerf(x)dx = fix)e* — f &f ()dx +[ef(x)dx + C = f(x) & + C

So, f{x) = sinx (on comparison)
log3
(a) Let logx = t:> dx dt. So the given integral becomes I 3costdt = 3sin(log3) + C
0
b+c
© | f@dx=Fp+c-a-c)+C=Fb-a)+C= jf(x)dx

(c) Icos“(sinx)dx = J-cos‘1 [cos[g—xﬂdx = 1—)- -6

(secx)

(b) Let secx =t = secx tanx dx = dt. Then, Jt-‘a’t = k(e

1

(b) Let (1 + logx) =t = — dx = dt. So, the given integral becomes J%dt = log|l + logx| + C
X

tan® x s 1+ l 1
(a) j dx—— I tan> xsec® xdyx = —| — + C = 3 [tanx = t = sec’xdx = df]
2] 4 8
2cos” x 0 0

50. (a)
60. (b)
70. (d)
80. (c)
90. (c)
100. (a)

(V) (a))

16



20.

21.

22,

23.

24.

25.

26.

27.

29.

30.

31.

32.

34.

35

36.

(b) Dividing Nr and Dr by cos*x and putting tanx = ¢ we get jidt

:jli n'u = tan'2 = tan™! (tanx) + C

2
(b) Let 1 + sin2x = ¢t = 2cos2 x dx = dt. Then, I%dI‘:[logt]lz = log2.
1

1 1 ¢
e bl o[RS z_lJz o
5 £(1+t)t '([ |:1+t (1+z)2}dt E g(lﬂ)z 5 (2 ‘e 2

dx
= gin~1(2x — c
(c) IJ—(x = JJ(lJZ_(x_IJZ sin ! (2x - 1) +
2 2

(b)f(x)=gx3/2+ = 1l =%(1)3/’2 B 2_%

4
—C-_->C~3
Then, f(x) = (3f2+2)
(b) Let & = ¢ = e*dx = dt. Then [e'dt = & + C

(b) Let —cotx = t = cosec? xdx = dt. Then, fe’dt = gootx 4 (C

T
(d) —[cosxds=—[sinx]j =0
0

(c) j 1+sin> dxzj sin? = + cos® = + 2sin = cos = dx=I sin£+cos£)dx=4 sinf—cosf-)-}-C
2 4 4 4 4 4 4 4 4

(©) Iw :J(coseczx—i-cotzx)dx:I(Zcoseczx—l)dx=—2cotx~x+ c.
sin“ x

sin XCOS + COos xsm

© % - 1] & fjcosec(# L= £ gm{ +3]+c

y () ) 2
(@) LetI = J-cos2x;—cc)528~:-@os Tl ZJcosx+ cos@)dx => I = 2(sinx + cosBx) + C

cosx —cos0 cosx —cosB

S

sinxcosx

®) |- &=

tan x sin xsecx sec x
dx = j dx = j

~/tan x sin xcos x vtanx sin xcos x

Put Putf=tan x = dt = sec? x dx, = j-\-}.—dt: 2Y2 4 C = 2/tanx + C.
f

= I(x-i—l e Je {

(1+x)

X
:Iafxz = +C.

(1+x)? 1+x (1+x)* I+x

2 2x iz
©) [xeax _xe jl a2l T :ezx(_2x4 1] = =&,

4

17



ik X
1+ 2sin—cos—

1+sinx
37. I=|é* dx=|ée*
© Ie (l+cosxj je

2cosF
2 2
39. (c) I (__J_dez(lex] E e
X X 1 2
/2 i /2
42. (d) Ilogtanxdx j ( }dx Jlogsmxdx Ilogcosxdx 0
cos X

1 5 e
45. (d) 1=j|x—1|dxzj(—x+1)dx+j(x—1)dx={—3f—+x} +[L—xJ =)
: 1 2 2

0 0 |

/2 /2 4 x
46. (¢) I = I sin2xlogtanx dx = I sinZ[E—leogtan[E—dex

0 0
/2 /2
= J sin2x logcot x dx=— j sin2xlogtanxdx = 21=0=1=0
0 0
2a
47. @) 1= [ fG) dx ()
0 J*) +fQa~-x)
= f f(2a-x) (i)
o JQa=x) +f(x)
2a
Adding (i) and (ii), we get 21= [ dx=2a=1=a.
0
OOlog(l +x2)
48. (b) Let I= [———— dx Putx = tan 6 = dx = sec?6 do
il x
/2 /2 /2

I log(sece) dihi=2 I logsecBdf = -2 J- logcosBd6=-2- Elogéz—ﬂ:log——nlogl

0 0

49. (d) Lm [1+L+...+i}

= lim [l+ . + : -t 1 ] =l lim |1+ - s :

nse|n n+l n+2 n+n N n—eo 1,,,1 P

n n

1 L 1 - 1 1
] 1. — = ———-cfx — — —" ——i

nnl—rﬁo’% = 01+x [loge(1+x)]0 log 2 —log 1 = log 2

n
: 2 32
52. () I= , Here integral of +x ==x>? and 4 — x* = 4 — (x2)?
I e '[\/4 X 3

12
2 T wgn - ang
Put 3/2:; el - e 5 4o
1~1x = Jx dx 3dt So, 1 3I Ssm [—2

4=

2l = I=J‘ex{%secz[g]%—tan%}dx:ex-tang+ (&

18



1 dx
: . - 11=||1+ = e
53. (c) Given integral I I( xz“J I -[ (x=1)(x+1)
- (o aeme g
2\ x-1 x+1 x+1
54, 4d) [xlogl1+= |dr =loglie=afi® - X &
(d) Ix g( x) g[ xJ 2 x+1 ( xzj 2

2 2 2 2 : :
5% x+1 1 prx+1 X x+1 1 1 x“ =1 X 1
= —1 +— dx = —log| — |+ —x——1 -D+C = 1 +1)——1 +—x+C
2 Og( x ) s n g( x ] 5 ( 2 Jog(x I e R

1 1 dp b - iop 157 2 51
Eet % : p:}(l szx ip _[ 5 > sec x5 C

/2

2sinx m/2 sin(T/2-x) 9cosX /2
36. ) I= .[ sinx cosxd"x= .[ i /22— /12— dx=_[———.—dx=>21=_[dx=£=>l=£.
2 i) ; 2sm(n x) P 2cos(a1: x) Qeosx | Hsinx 9 2
58. (b) _[—l—dx=sec_1x+C
)C\;'Jrc2 =1
10 10
59. b) Letl = | ————dx )
{ (10-x)10 + 10
i ]fo__(m‘x)m (if)
5 (10-x)10 4 410 =
Adding (i) and (ii), we get 21 = [dv=21=10 = 1=5.
2x 4
_ xe* dx
60. (b) Consider lim -—0——2—
X— 4x
e
2x 2 D 2
2 % dy Pt d(xz) X% 2x Aty
lim '[0*2= limJ.O—Z—m = lim iy, limg—z}— = lim Lt 5 ol
X—00 284): X—>00 : 2€4x X—0 e4x X—»0 2e4x X—»00 ) e4x 2
s sinx : '
6l. (c) LetI = I —dex, Let cosx = ¢ and — sinx dx = dt.
p 1+cosx
Now, x =0 = ¢t =cos0 =1 andx:gzbt:cosg=0
(-7 0
—dt dt Y
=[S ) A ] ~{o-2]-x
) 1+2°\sinx e 1 4] 4

19



o
62. (b) [x tan"! xdx = T tan-lx L

2J"17r}5
tan x——j[1~

63. (a) We know that |sinx| is a periodic function of 7.

1 1
==+ Dtanlx——x+C
1+xJ 2= 2

4r T n
Hence, j|sinx[dx=4jlsinx|dx=4ISiHde = 4[—°°Sx]g=8
0 0 0

/2 2
64. (a) J @55 3 I as6ec E;dﬂ on putting x = a tanf
(a +x ) a4 @ sec 0
/2 /2 /2
= LS I cos49d9=—l5— I [M]ﬂ):—% I [1+cos29+wjdﬂ
a n/4 a n/4 2 4a” o 2

1

= —0+sin20+
a

sin89:|’t/2 3n-8
wa ot

I
| e |
o W
D

o0 Sk e =
66. ) 1= | _x+1dx=-—[log(e +1)}0 = _ [log 1 — log 2] = log 2.
Oe

5%
=sin_ +C

67. (a) j\/—

1 1
A ke 1) iy Sl o
sin —=| =sin’|—=|[+C-sin’(0)-C==-0=
£2 { le, [ﬁ 4

2445
12 j = I1 = log[m], ]:2 = 10g2 = Il < 12

N

68.

@0

2
(b) If 1,
il

e e 1
69. (o) I, = j;l-(lnx)lodx=[(lnx)10x:]1 ’_1[10(lnx)9-;-xdx

e
=e-0-10(Inx)’ds = ¢~ 101, + 10L, = e
1

dx 1+si
70. (d) I :I( +Smx)dx = jseczx dx + Itanx-secdx = tanx + secx + C

1-sinx 7 1-sin’x

71. (b) gx— (A In |cosx + sinx — 2| + Bx + C)

i cosx—sinx L Acosx—Asinx+Bcosx+Bsinx—2B
cosxtsinx—2 cosx+sinx—2
“2=A+Bor-1=-A+B;A=-2B .'.A=%9B:%’K=—l.
R x+251n cos—
72: (b) I dx:J- 224 - j[ xsec? X 4 tan > de xtanZ +C
l+cosx 2 cos? X 2 % 7
cos -

20



/2 /2 d{n—xJ
7). (a) Let I = j 9 dx, then I = I = 2 dx
0 ¢(x)+¢(ﬂ—x) 0 ¢[——xJ+¢(x)
2 2
5 w2 T T
Adding, 21 = g Lde=[xfy" =2 =1=7.
76. (b) f(x) = 4cos’x — cosx — 2 cosx = cos3x
1g sin3x . 1
I f(x)dx=[ ] e
0 3 3

2

n—1

S o e Y +(n—1)=@=66:>n(n—1)=132=>n=12

0 0 1

deutx+1:%sothatdx=A%

I
78. (c) Let1 = [—————
. I(m)\/ﬁ
-1=fj ~[-20y"2ar = A2 J1-2t+C = }1—-_..-. G s
> ﬂ (-2)(1/2) x+1 x £l

79. (a) |- —-dx

Sll’l YCOS X

D) 2
s x+cos” x 1 1
Iﬁdx{[[TJr T de :fseczx dx + Icoseczxdx = tanx — cotx + C
sin“ xcos” x cos“x sin“x

a
1 b4 1
— k== | — =
82. (a) We have, .( 2 .[
@) Liagt B 40(1”2) 8

s 1 S ¢
dt=—=>——tan — | =—
1/2 B2y 2

- J[m ] :

1 1 1
83. (b) Let I = ifx-gl ”{(; dfl
ex
Putef=tr= e " dx=dt
=] t=el=¢

Changing the limit, we have when x = 0; = ¢” = 1; when x = 1
e
SLI= i =[tan_lt]e =(tam_I e—E).
1 4

84. (d) Let x!0 + 10* = ¢
Differentiating both sides w.r. to x we get

21



(10x19-1 + 107 log10)dx = df = (10x° + 10* logl0)dx = d
j% dt = logl| + C = log|10% + x9| + C
&(1+x)
85. (b) We h : dx
(®) Vel cos?(xe*)
Put xe* =t = (" + e*-x)dx = dt = &
= Jsecz tdt = tant + C = tan(xe®) + C

1 + x|dx = dt

dx 1 ,
86. (c) We have, Ix2+2x+2 = J.(x+1)2+12d"x =tanl(x+ 1)+ C

1 dx L. 4" 5 L
e = — C:— =
) ;
88. (d) We have, [y/(x* ~8x+7)dx=[(x—4)* -9 =

4 Je-at - () R

x—4

x2—8x+7—§10g

x—4+\}x2—8x+7

+C

- i 1/3 1 e 1/3
1 3.1/3 1 (x) [”‘1] ( J
89. (a) We have, j (x—x4) dx = I x> == I

4
g 1/3 i 173
0
0 4/3
Ao e el T r (3N s
‘ Lett=——1=df="5dr - —z-_it di=— o | = o Sl
3 i
/2 -
4+3sinx
5 = | log| ——— |dx
90. (c) Let I g Og[4+3cosx] ()

/2 :
I= jlog[M]dx ...(ii)

5 4 +3sinx

M2 [ 443sinx 4+3cosx w2

Add (i d (ii t 2l = lo = logldx=0 =1=0

imae) Wt I [4+3cosx 4+351nx} -[ -
/2 /2 /2 /2 /2

3 5 -

91. (c) I (x” + xcosx+tan” x+1)dx = j Odx + j Odx + j 0dx+2j dx

—n/2 0 0 0

0
; 0 |, HAP=—FfB _,
Using j f(x)dx=4 4

; 2 f =L ==
2f fde , i S(D)=f(x)
0

0

22
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b
93. (d) Let I = [xf(x)dx (i)

a

b b
1= [(a+b-x)f(a+b-x)dr Given fla + b~ x) = f(x) Then, 1 = [(a+b-x)f()dx  ..(i)
b a+
Add eqn (i) and (ii) we get 21 = (a + b) [/(X)dx = 1=

a

a’ : et
94, (a) I'= Im =t So that a* log,a dx = dt mdx*a‘logea
1 dt
= = sin”l(f) + C = sin1(a®) + C
log,a \/12 _2 log.a , log a
95. (a) 1= | Sdv = [xsecx| ——ldy = —X5CX gyt C
(xsinx+cosx) (xsinx +cosx) xsinx+cosx

98. (a) J' x 23 x1306(x 12 4 1) 133y = Ix—m(x—uz + 1) 1334y

Let 12 +1)=1¢— %x’m dx = dt
1053

21073
= [ (loglx + 1) - logx)-

Integral will becomes —ZJFHB dt=-2 +C= % (et )19 4 O

o J'log(x+l) logx

) x(x+1)

o

1
d.
—x(x+1) .

2
Ll x+1 d alead e L
= {bg( s H +C [ [log(x+1)—logx =k (x+1)x}

3/2

100. (a) Integral of the numerator = vl Put x32 = ¢, we get

3/2
= .2__'- L =Esinl——t-—+C=—2-sin*1[£J £
L a2 3 a

8444454 —4x* e J-(x4+2)2 (2x2)?
(*-2x2+2) ) (4 -2x2+2)

dx—%—+%‘3+zx+c

101. (d) j(x

: a a a
102. (i) (b) Since f and g are continuous for x = 0 if follows that j i (x)dx,jg(x)dx and _[ f(x)g(x)dx exits.
0 0 0

Now [ f(x)g(x)dx= [ f(a—x)gla—x)de= [ f(0)[2-g®)dx [ fla - x) = fix) and g(x) + gla - x) = 2]
0 0 0

Therefore, 2 | f(x)g(x)dx =2 f(x)dr = [ f(x)g(¥)dx = [ f (x)dx
0 0 0 0

In/4

(i) (@) LetI= |

/4

dx

1+sinx

23



. x
It exist because -
1+sinx

> ; n 3n
1S continuous on | —,—|.
4" 4

dnd o G STl B 3n/4 n'_x 4
Now I = Il —dx = 41r43 = I - dx:nj —dx—1
xla ~EHEE o R 1+sin(z+f—x] A T
LT 3/
=2=x j - == j (seczx—secxtanx)dx
A E0SEel - n/4
T 3w/4 3n/4 T
= E[[mnx]n’/; ~[secx]7, } = 2 (1D (V2 V2 ]=n(2-1)
b b
(iii) (c) LetI= J'xf(x)dx = I(a+b—x)f(x)dx [~ fla +b-x)=f(x)]
a a
? B a+bb
2= [(a+b)f@dr=(a+b)[ f@)ds = 1= —=[f(x)dx [ fla + b - x) = fx)]
a a a

(iv) (d) Let fix) = ei°°s"f[2sin[%cosxn

a
Since, fis continuous for all real x, it follows that J' f(x)dx exists. Also fin — x) [ZSin(%cos(n—x)D
0

Therefore, [ f(x)dc= [ f(n—x)de=—[f(x)dx = [f(x)dx=0
0 0 0 0

1 4 4
x(1-x
(v) (a) LetI = j—LT)dx
0
1
o (- ax"+6x0 -t eat)ar = L2y 24 gan - e
i TN
4 4 4
3 3 N X _1 g i x_l _x_+c
103. (1) (b) _[x logxdx_(logx)T ij e - ogx =

Y ]
(i) (a) Ixz sinxdx = x*(~cosx) — J.(—cosx)Zxdx = —x2 cosx + 2x sinx + 2 cosx + C
(iii) (a) Isinxlog(cosx)dx = log(cosx) (—cosx) — J'(—cos x)(—tanx)dx = —cosx log(cosx) + cosx + C.
(iv) (@) I = _[sec3xdx = J‘secxsec2 xdx = 2I = secx tanx + log (secx + tanx) + C

v) (@ 1= Iexsinx=exsinx—Jexcosxdx = oF Sin. - [excosx—jex(—sinx)dx} = & sinx—¢e* cosx — 1 + C

= 21 = &(sinx — cos}c) +C=1= -é- e*(sinx — cosx) + C
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