Chapter - 6 APPLICATION OF DERIVATIVES

STUDY NOTES

e Rate of change of quantities

1) If y = f(x), gxy— is the rate of change of y with respect to x.

(ii) If x is a function of time ¢, z—: measures the rate at which x varies with ¢.

A
e Increasing and decreasing functions :
Increasing function : A function y = f{(x) is increasing, if f(x) increases as x /Y = log, x
increases. j
fx) > fixy) = 5 >X
\/
Decreasing Function : A function y = f(x) is a decreasing function, if f(x) decreases \
as x increases, ie., X, > X, 2%
Fx)) < flxy) ( e
Monotonic Function : Monotonic functions are either Increasing or decreasing & o (ad);
function, i.e., f(x) = log x
f(x) = log 2x are monotonic functions. &
Condition for monotonic function : 2
If ¢/ is differentiable real function defined on interval (a, b)
(i) If f'(x) >0 V x € (a, b), then f(x) is increasing on (a, b)
(i) If f'(x) <0 fV x € (a, b), then f(x) is decreasing on (a, b)
. Tangents and Normal : T
As we know the equation of a straight line passing through a given point Normal line
(x, ¥,) having slope is given as (y — y,) = m (x — x;) % o Tange;tx

So, the equation of tangent to this line at the (x; y,) is given as

)= gy; (x — x,) and equation of normal, (y — y,) = — (%)(x - xp)

Different Conditions :

dy

(i) If tangent is parallel to x-axis, then (——)
dx (x0,¥0)

(ii) If tangent is parallel to y-axis or perpendicular to x-axis, (—) ='f)
& J(x9,50)

=0

(iii) If the tangent is equally inclined to the axes, then gxz =tan 45° =11



Angle of Intersection :

N
>

de(x
= [29) o[£
dx a0 (x1.31)
; = Lo sl
s, tanQ = {1+m1m2] 5
5 >X

Orthogonal Curves :
Two curves are said to be orthogonal curves if they intersect at 90°, and mm, = — I.
Two curves touch each other if m, = m,.

Lengths of Tangent, Normal, Subtangent and Subormal :

2
2 -
(i) Length of tangent = “"”dy— : (ii) Length of normal = |y 1+(%]
dx
= d
(iii) Length of subtangent = ay (iv) Length of subnormal = ‘ y[zy)
dx X

Maxima and Minima :
(i) ¢/ be a function defined on an Internal I, have a maximum value in [, if there exists a point ¢ in I such that
fl©)>f(x) forallx € L
The number f(c) is the maximum alue of fin I and point ¢ is called point of maximum value.
(ii) f'is said to have a minimum value in I, if there exists a point ¢, in I such that f(c) < £i(x) for:all x:& b
The number f(c) in their case is called the minimum value of f in I and the point c in this case is called

a point of minimum value of °f/” in L

Let ‘f* be a real valued function and let ¢ be an interior point in the domain of ‘f’. Then,
(i) c is called a point of local maxima if there is an # > 0. such that f(c) = f(x) forxin(c-h,ct+thx#c
¢ is called of local maxima value of f.

(ii) c is called a point of local minima if there is an # > 0 such that f(c) £ fix) for all x in (¢ — h, ¢ + h)
The value f(x) is called the local minimum value of f.
Rolle’s Theorem
If a function f(x) is
(i) continuous in the closed interval [a, b]
(ii) differentiable in an open interval (a, b), i.e., differentiable at each point in the open interval (a, b)
(iii) f(a) = f(b)
-~ Then, there will be at least one point ‘c’ in the interval (a, b) such that f"(c) = 0.
Lagrange’s Mean Value Theorem
If a function f{(x) is
(i) continuous in the closed interval [a, b]
(ii) differentiable in an open interval (a, b). Then there will be at least one point ¢ where a < ¢ < b such that

b 2
L ;,_f(a)-



1. What is the value of p for which the function f(x) = p sin x + S has an extreme at x = g?
(a) 0 (d) 1 (c) -1 (d 2
2. The minimum value of cos 0 + cos 20 is :
@ -2 ®) 0 © 3 @
3. If x + y = 12, what is the maximum value of xy ?
(a) 25 (b) 49 (c) 36 (d) 64
4. How many tangents are parallel to the axis for the curve y = x> — 4x + 3 ?
(a) 1 {b) 2 fc) 3 (d) none
5. The maximum value of the function : log x — x is :
(a) -1 (b) 1 (c) 0 (d)ie=
6. The length of subtangent to the curve x?y*> = m* at the point (—m,m) is :
(a) 3m (b) 2m (c) m (d) 4m.
7. The rate of change of +/ x* +16 with respect to x> at x = 3 is :
1 1 1 1
@ < ®) 55 © @ 5
8. What is the maximum value of xy with respect to the line x + y = 8 ?
(a) 8 (b) 16 (c) 24 (d) 32
9. What is/are the points on the curve x> + y? — 2x — 3 = 0 where the tangents are parallel to x-axis ?
(a) (1, 2) and (1, -2) (b) (3, 0) and (-3, 0)
© (2, 1) and (2, 1) (@ (0.43) and (0.-3)
10. Identify the correct statement.
(a) e'is a constant function. (b) e is increasing function
(c) e'is decreasing function (d) e*is neither increasing nor decreasing.
11. If the given function f(x) = kx* — 9x% + 9x + 3 is monotonically increasing in every interval then & is must be :
(a) less than 3 (b) greater than 3 (c) less or equal 3 (d) greater or equal 3.
12." At an extreme point of a function f(x), the tangent to-the curve is :
(a) parallel to axis (b) perpendicular to the x-axis
(c) inclined to an angle of 45° to x—axis (d) inclined at an angle 60° to the x-axis.
13. The value of ‘@’ such that for which f(x) = sinx — ax + b is decreasing in the interval (= oo, o) is :
(a) a<1 (b)iai =1 felia=1 (das<l
14. The maximum value of 2x3 — 3x2 — 12x + 5 for -2 < x < 2, when,
(@ x=-2 (b)y x=-1 (c)x=2 (dx=0
15. The point in the interval (0, 2m) where f(x) = €' sin x has maximum slope is :
@ ® 2 OF- (@ 2
16. A balloon is pumped at the rate of 4 cm®/s. What is the rate at which its surface area increases when its radius

'QUESTION BANK
MULTIPLE CHOICE QUESTIONS

is 4 cm ?
(a) 1 cm?/s (b) 3 cm?/s (c) 2 cm?¥s (d) 4 cm?/s
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Which of the following is correctly define the behaviour of the curve f(x) = — gindy'+ 3 sin®x + 5V x'e

53]

: Rty n T T
(a) f(x) is increasing in (05 5) (b)f(x) is decreasing m( % 2)
(¢) f(x) is neither increasing nor decreasing (d) f(x) is constant.

If the sides and angels of a triangle vary in such a way that its circumradius remains constant. Find
da db dc

+ +

cosA cosh cosC

(a) 1 (o) e (c) 0 (d =
1 1

————————— + —_—

x—4[+1 = |[x+8+1

14 13
Dl () 1 © 3 s

Let f’(sin x) < 0 and f” (sin x) > 0, V x € (0, m/2) and g(x) = f (sin x) + f (cos x), then g(x) is decreasing
in :

oG eld ek el

Let f(x) be a monotonic polynomial of 2m — 1 degree, where m € N, then the equation

b S T e R f@2m —1)=2m —1 has :

, where da, db and dc are small increment in the sides, a, b, ¢ respectively.

The absolute value of maximum f(x) = 15

(a) at least one real root (b) exactly one real root
(¢) (2m — 1) real root (d) none of these
Given that f’(x) > g'(x) for all real x, and f(0) = g(0), then f(x) < g(x) for all n belonging to :
(a) (0, =) (b) (= o, 0) (c) (= oo, =) (d) none of these

The function f(x) = lax—b|+C|x\ V x € (- oo, =), where a > 0, b > 0, ¢ > 0, assumes it’s minimum only at
one point if :

(a) azb b a#c (c)b#c (da=b=c
If the equation x5 — 10a? + b*x + ¢> = 0 has three equal roots, then
() 262 - 10232+ c5=0 (b) 6a° +c°=10 (©) 25 — 10830 + b*c =0  (d) b* = 15a
The equation 8x* — ax? + bx — 1 = 0 has three real roots in G.P. If, A, <a < A, then ordered pair (A, A,) can be :
(a) (-2, 2) (b) (24, — 2a) (c) (-10, -8) (d) none of these
Ifa; b= 0,7l fla, D)= 7 j§)4= then
(a) Absolute maximum value of f(a, b) is 58112-

(b) Absolute maximum value of f(a, b) is 22576.

(¢) The maximum value when a = b is smaller than the minimum value when a # b.
(d) Maximum value is same for all ‘a’ and ‘b’.

X .
If fx) = [ dx, x > 0, then
0 X
(a) f(x) has local maxima at x = nn-(n = 2k, k el?
(b) f(x) has local minima at x = nn-(n = 2k, k el
(¢) f(x) has neither maxima nor minima at x = nm.(n €I7)
(d) f(x) has local maxima at x = nn (n = 20 kel
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The values of parameter ‘e’ for which the point of minimum of function f(x) = 1 + a’x — x° satisfies the
2

3 lity x“+x+2 5
micquality ——— , are
3 X2 +5x+6

@@ (243, 3\3) () (2v3, -343) © (-3v3, -243) @ (-3v3, 243)
If f(x) = (x — o))" g(x), then f(a) = f" (V) = () = ...... ™1 a = 0, where f(x) and g(x) are polynomials. For a
polynomial f(x) with rational coefficient, then f(x) touches x-axis at only one point, then the point of touching
8

(a) always a rational number (b) may or may not be a rational number

(¢) never a rational number (d) none of these.
If f(x) = x>+ ax®+ bx + ¢ and f (~ 3) = f(2) = 0 and f'(-3) < 0, then the largest value of ¢ is :

(a) — 18 (b) — 12 (c) - 19 (d) -6
The function f(x) = (x> + x — 2) (x> + 2x — 3) has local maxima at

(@ x=1 b)x=-1 ©)x=0 dx=mn

2 X 49 : :

Let £: D=5 Riand focy = L L L E 48 —E"‘E"'COS““ then the value (s) of ‘n’ for which °f” is onto is/are

(a) only 1 (b) exactly 2 {c). 3 (d) none of these
The abscissa of the point on the curve 3y = 6x — 5x*, the normal at which passes through origin is :

1 1

@1 ®) 3 © 2 @ 3

Let f: (0, 1) = R be defined by f(x) = -l-bféa where b is a constant such that 0 < b < 1. Then
|
(a) fis not invertible on (0, 1) (b) f# flon (0, 1) and f'(b) = m
1
() f=f"on (0, 1) and f"(b) = m (d) f'is differentiable on (0, 1)

Let £, g and /4 be real valued function defined on the interval [0, 1] by f(x) = e’ + e~, g (x) = e’ + e~ and f,
g and A on [0, 1], then

(@ a=bandc#b (b)a#candc # b (c)a#candc#b (da=b=c

e -
Let the function g : (= oo, 0) — (—;,g—) be given by g(u) = 2 tan™! (%) 5 Then g is :

(a) even and is strictly increasing in (0, o) (b) odd and is strictly decreasing in (— oo, oo)
(c) odd and is strictly increasing in (— oo, o)  (d) neither even nor odd but is strictly increasing (— oo, o)

The total number of local maxima and local minima of the function :

(2+x) B<xg-1
Jx) = 2
x3 —-I<x<2
(@ 0 (b) 1 (c) 2 d 3

The tangent to the curve y = e* drawn at the point (c, °) intersects the line joining the points (¢ — 1, ') and
(e + 1, &),

(a) on the left of x = ¢ (b) on the right of x = ¢ (c) at no point (d) at all points
If f(x) is a twice, differentiable function and given that f(1) = 1, f(2) = 4, f(3) = 9, then

(@ f"x)=2,¥Yxe (1,3) (b) f"(x) =f'(x) =5 forx € (2, 3)

) ffx)=3Vxe (2,3 (df"x)=2Vvxe(,3)
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2 2
The minimum area of triangle formed by the tangent formed by the tangent to the ellipse, x_2 + =1 and
coordinates axis is : a b

b +b)? 2 2
(a) ab sq. units ® 2 sq. units (@wz 5. units @ F*tab+b” o units.
If y = y(x) and it follows the relation x cos y + y cos x = 7 then y”(0) is equal to :
(a) 1 (h) ~1 QR (d-m
1
If f(x) is a continuous and differentiable function and f (—J =0V n2=1andne l,then
n
(@ f(¥) =0,x€ (0, 1] (b) /7(0) =0 =7"(0), x € (0, 1)
(c) f(0)=0,7(0)=0 (d) f(0) = 0 and f7(0) need not to be zero.
If f(x) = x*log x and f(0) = 0, then the value of o, for which Rolle’s theorem can be applied in [0, 1] is :
1
(a) -2 (b} =1 (c) 0 (d) 5
If f(x) =x* + bx?+ cx + d and 0 < B2 < ¢, then (— oo, =) :
(a) f(x) is strictly increasing function (b) f(x) has a local maxima
(c) f(x) is strictly decreasing function (d) f(x) is bounded.

If y is a function of x and log (x + y) — 2xy = 0, then the value of y’ (0) is equal to :
(a 1 (b) 2 (c) -1 (d) 0

In [0, 1] Lagrange’s Mean Value Theorem is not applicable :
i XL ! in
2 2 G IR
)bl =g hg e ®) f)=19 x (©) flx) = x |x] (d) f(x) = |x|
(— = x) x> 1 x=0
2 :
: L) VR T
Tangent is drawn to ellipse > +3*=1at (3\@ cosB,sin 9) where | 0 60,5 . Then the value of 6 such that sum
of intercepts on axes made by this tangent to minimum is :
T T T 'n
s i 2= e
@ % OF © % @ %
The length of the longest interval in which the function 3 sin x — 4 sin’x is increasing is
T L 3n
= : b) = s d
(a) 3 (b) > el (d) m
The point (s) on the curve y* + 3x> = 12y, where the tangent is vertical is (are) :

11 :
(@F%Tﬂ (MF&?] © (0, 0) (@F

If f(x) = xe*(I™), then f(x) is :

;

: ; -= : : ; ; -1
(a) increasing on [71,1} (b) decreasing on R (c) increasing on R (d) decreasing on [—251}

&=

The triangle formed by the tangent to the curve f(x) = x*> + bx — b at the point (1, 1) and the co-ordinate axes,
lies in the first quadrant. If its area is 2, then the value of b is :

(a) -1 (b) =2 (©) -3 @ 1

If the normal to the curve y = f(x) at (3, 4) makes an angle ;’:_:1:_ with the positive x-axis then f(3) is

L 4
@ - 1 (mf © 3 @ 1
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If the normal to the curve y = f(x) at (3, 4) makes an angle 3—475 with the positive x-axis then f'(3) is :
~ 4
(@) &1 (), © 3 (d) 1
|x|for 0<|x|<2
Let f(x) = ][ B ey Then at x = 0, f has
(a) a local maxima (b) a local minima (c¢) no local maxima (d) no extremum.
The function f(x) = sin*x + cos*x increases if :
@ 0<x<T ® F<x<2 @ E<x<d @ L <x<
8 8 8
-1
If f(x) = BFG , for every real number x, then the minimum value of f
(a) does not exists because ‘f” is bounded (b) is not attain even through f is bounded
(c) is equal to 1 (d) is equal to — 1
The number of real values of x, where the function f(x) = cos x + cos (\/E x) attains its maximum is :
(a) 0 : (b) 1 (g} 2 (d) infinite
If f(x) = “x— and g(x) = L, where 0 < x < 1, then in this interval.
sinx tan x
(a) both f(x) and g(x) are increasing (b) both f(x) and g(x) and decreasing.
(c) f(x) is an increasing function (d) g(x) is an increasing function.

On the interval [0, 1] the function x* (1 — x)7° takes its maximum value at the point :
0 b l }_ (d) l
(@ ®) 5 © 3 -
The maximum value of the function f(x) = sin (x+%) eos [x+%) in the interval (O, ';—E) occurs at :
T i o T
b o 2y )=
@ ® % © % @3

ot 2= T=si<e()
1 x=0

fx) = then, on [-1, 1], this function has :
%, 0<x<l1
(a) a minimum (b) a maximum
(c) either maxima or minima (d) neither maxima nor minima.

Let f(x) be a quadratic function which is positive, for all real x
IFe(xy = f(x) + f(x) + f(x). then for any real x.

(a) g) < 0 (b) g(x) > 0 (c) gx) = 0 (d) g0) 2 0
Let fand g be increasing and decreasing functions, respectively [0, =) to [0, o), Let A(x) = f(g(x)). If 2(0) =0
then A(x) = & (1) is :

(a) always zero (b) always negative (c) always positive (d) none of these.
The equation of the normal to the curve x* = 4y which passes through the point (1, 2) is :

(@ x+y=3 byx-y=1 x+ty=-1 (dx-y=-1
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The co-ordinate of the point on the curve y = xq
slope is : X" +1

A 1 1 -1
(a) ( ) ] ®) (V3,42) () [ﬁ,zj (d [“E,_J
A window of a fixed perimeter is in the form of rectangle surmounted by a semi-circle. The semi-circular portion
is fitted with coloured glass while the rectangular part is fitted with clear glass. The clear glass transmits three

times as much light per square metre as the coloured glass does. What is the ratio of the sides of the rectangular
so that the window transmits the maximum light ?

@ (b) 6 OF @

, x > 0 such that tangent at these point have the greatest

6
6+m

The equation of the normal to the curve y = (1 + x) + sin™! (sin®x) at x = 0 is :
(a) x +y=1 b)x-y=-1 C©)x-y=2 (d) x+y=-=2

Let (A, k) be a fixed point, where 2 > 0, &£ > 0. A straight line passing through this point cuts the positive direction
of the co-ordinate axes at the point P and Q. The minimum area of the triangle OPQ, O being origin is :
(a) 2k (b) 2hk {c) 28 (d) hk
A point on the curve x* + 2)? = 6 whose distance from the x + y = 7 is minimum is :
(@) 2, 1) (b) (1, 2) (© 1, 2) (@ 2, -1)
If the line ax + by + ¢ = 0 is a normal to the curve xy = 1, then
@ a>0,b>0 hfaz Dbl (&) & = 0:b= 0 (d) none of these
If £(x) = {3‘*2 bletelal SES G mta e R
37—x, P <8
(a) f(x) is increasing on [-1, 2] (b) f(x) is continuous on [-1, 3]
(¢) f(x) has the maximum value at x = 2 (d) all of the above
The function f(x) = 2 |x| + |x + 2| — |}x + 2|-2 |x|| has a local minimum or a local maximum at x =
@ = ® © 2 @ 3
Let i(x) = f'(f(x)* + f(x))? for every real number x. Then
(a) h is increasing whenever f is increasing (b) 4 is increasing whenever f is decreasing
(c) h is decreasing whenever f is increasing (d) none of these
Let f(x) = Je't (x—1)(x—2) dx. Then f decreases in the interval.

(@) (=, 0) (®) (-1, 2) (c) =2, -D (d) (=2, )

The normal to the curve x> + 3xy —xy — 33> = 0 at (1, 1)
(a) meets the curve again in the second quadrant. (b) meets the curve again in the third quadrant.
(c) meets the curve agam in the fourth quadrant. (d) does not meet the curve again.

If x = -1 and x = 2 are extreme points of f(x) = o log |x| + Bx* + x, then

1 . =] 1
erasia e w0t ane = RS S0l = (@ oty <

If f'and g are differentiable function in [0, 1] satisfying f(0) = 2 = g(1), g(0) = 0 and f(1) = 6, then for some
cel 0, 1[

(@) 2f'(c) = g'(c) (b) 2f7(c) = 3g"(e) (©) f7(c) = g'(c) (d) f(c)= 2¢g°(c)



78. A value of ¢ for which the conclusion of Mean Value Theorem holds for the function f(x) = log x on the interval
f1.23] isia

1
(@) 2 logse (b) 5 log, 3 (c) log, e (d) log,3

4
79. The equation of the tangent to the curve y = x + —, that is parallel to the x-axis is :
X

(@ y=1 (b) y=2 (EFy” 3 (dy=0
hr2olf y<-—1

80. Let /: R — R be defined as f(x) = {2x+3 A

If £ has a local minimum at x = —1, then a possible value of ‘A’ is :

=i
(@ 0 ) (c) -1 d 1

81. The function f(x) = tan™! (sin x + cos x) is an increasing function in :

m T 1 T - T
o (33) o (34) @ 03] ®(34)

82. The normal to the curve x = a (1 + cos 8) y = a sin 0 at ‘0’ is always passes through the fixed point :
(@) (a, 0) (®) (0, 0) © ©,a (d) (a, a)

83. If the function f(x) = 2x3 — 9ax® + 12a’x + 1 where ¢ > 0, attains its maximum and minimum at ‘p’ and ‘g’
respectively such that p? = ¢ than ‘@’ is equal to :

@ 3 ®) 1 © 2 @ %
INPUT TEXT BASED MCQ’s

84. Rammu farmer wants to fence his rectangular garden using bricks and wire. But he has less budget so he decided
to build brick wall at the end and wire fence at the remaining three sides, he has 100 feet of wire fencing as
shown in the figure,

| T [ I [P S [ [ [ N S AV

S NE LV 5. 3
ra ray ray 7< FAN

Answer the following questions :
(1) If Ramu wants to construct a garden using 100 ft of fencing we need to maximise its :
(a) Volume (b) area (c) perimeter (d) length of the side

(i1) If *b’ denote the length of side of garden perpendicular to brick wall and ‘7’ denotes the length of the side parallel
to brick wall, then which of the following relation represents the total amount of fencing wire :

(a) 21 + b =150 (b) 21 + b =100 (c) 26 +1=100 (d) b+1=200
(iii) Area of the garden as a function of b, say A(b) can be represented by :

(a) 100 + 2b% (b) b — 2b? (c) 1005 — 2b? (d) 200 - ¥
(iv) Maximum value A(x) occurs at x-equals :

(a) 50 ft (b) 30 ft {c) 25 ft (d) 100 ft
(v) The maximum area of the garden is :

(a) 3750 sq. ft (b) 2500 sq. ft (c) 4000 sq. ft (d) 1000 sq ft
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Hints to Some Selected Questions

I (e e

=7 cOs x + cos 3x

T
f(x) has an extreme value at x = g f*(g] =)

1
:pcos%—cosn*():p[}—l =0=p=2

o |

4. (a) Zx 2x — 4, at x = 2, dx

.. Only one tangent is possible, as slope of tangent parallel to x-axis is zero.

5.(a)@=l~1:>l—l=0:>x:l
dx x X
d? = 2
—-%;—:—zzt»forx~1 i—z’]—)——ve
dx x dx

. The value is maximum for x =1 = log (1) - 1 = -1.
8. b)x+y=8=2y=8-x

= = (8 ):>dc 8 -2 :>d2c 2
ci= c=rs b= e G e
2 dx a2

d
Put £ 0, for maxima and minima 8 - 2x =0 =>x =4

dx
2
2 {i«g] =—-2<0 .. Max. Value is at x = 4, i.e., 16.
i '
x=4
dy ar =X
0. (a)y2x £2p v= 82l e 5
(a) % 2 B %
As per given condition, tangent is parallel to x-axis.
i -Z—}xi =0= 1;—O:>x*"1:>(1)+yz 2-3=0=>y=%2.
3%

10. (b)y=f(x):e*:>%:ex>0 xeR

- f(x) = €' is increasing function.

10



11.
12.

13.

16.

21.

22.

26.

27:

29.

32.

35,

D =b—92+ % +3 =) =32~ 18 +9>0=A=P-4ac<0=>36-12k<0= k>3 :
(a) f_d}): = 0, For the extreme points. Therefore, tangent to the curve is parallel to x-axis.

(b) f'(x) =cos x — a
. function to be decreasing f'(x) <0
cosx—-a<0=cosx<a
Value of cos x lies between — 1 and 1
-1<a=a>1

(c) Let ‘¥’ be the radius of balloon.

4 P it dr dr dr 1
= - — o e _— — ~2-_. _— = e——
L 3nr3:>dt 31'r.3r2€h=>4 4 dt:>dt o

Surf: =47 => & 4.2 LA D SV I T
= — O o = = '
urface area(s r = T e

(b) f(x) is monotonic = f"(x) < 0 or f'(x) >0
f'(px) <0 or f'(px) > 0. V x € R = f(px) is also monotonic.

o f(x) +f(3x) + ...+ f(2m — 1) x is a monotonic polynomial of odd degree (2m — 1). It can have all real values
at only once.

(b) Let A(x) = f(x) — g(x)
Hx)=f(x)—g'(x) >0V xe R .. h(x)is increasing function.
f(0) — g(0) = 0.
Therefore, (x) > 0 V x € (0, ) and 2 (x) <0V x € (- oo, 0)

(b) AM 2 GM, for (a, g, a, 3b) we get, = M
4

3 3
= Z(a + by Ba’ hlit = 5e (@t btz 3a’b=

> (3(13 b)1/4

£)

a’h - 2_7
(a+b)* ~ 256

(b)) = o, for f() =0 == = 0= x = nn
>4

XCOSX—Sinx COSHT

o= o el = )
Ifn=2k-1Ifn=2kne I

<0
nm

-(a) If f(x) touches x-axis at only one irrational point, then f(x) = (x — a)? g(x), where o is irrational

= Coefficient of f’(x) can’t be rational
= for f(x) with rational coefficient, then point of touching is rational.

(c) %2 _§+ ?—2- has minimum value 3 at x = —

4
cos 4mx has minimum value —1 at x = %
= e g drx = 2
*—— + — +cosdmx =
2 16

(d) f&x) = 2+ e = (%) flx) = 2x(ex2 —e"sz bz DAy
Cleanly far 0 = x =1 ; fix) = 2lx) = h(x)

1
~ Sy =gl)=hl)=e+—
11



and f(1) is the greatest

1
a=b=c=e+-=a=bh=c
e

2
37. () fx)= @Fa). =3 == Fay=3Qwxp, SG+7, -1
3x—3—
Clearly x = — 2 is extremum and x = -1, f(x) is not differentiable.
. There are two (2) maximum or minimum points

d
.

d
41. (c) —x sin y EJ;—+ cos y—ysinx+ cos x =3
X

=y-(0)=1

Again differentiating and using y(0) = 1, 3(0) = =, we get y (0) = =
43. (d) Function must be continuous in the [0, 1]

im f(x)=0= lim logx
x—0T x—0" e
Apply L’ Hospital Rule
1

lim Lot Wi
x—07T —0(.)t0h1 x—=0" -

For the limit to exist o > 0 for o > 0 lim fix) = 0

x—0t

44, (a) f'x)=3x"+2bx+c, PP <c
= V-3c<0= =0

45. (a) log (x +y) = 2xy
Whenx=0,logy=0,y=1

D = 457 — 12¢ = 4(b? - 3¢) = 4(b* - 3¢) < 0

If
ok

: : dy 2y(x+y)-1
'ff t O e e R ) t —
differentiate both side ; [ [1_ 3R at (0, 1) =

(34
46. (a) LH.D. = lim gl flg) © lim 20 o &

=1
h—0 h h—0 h

R.H.D.

[1_1_h _(1_1]2
gt D@ . R e

-
h—0 h h—0 h

1
~. LHD = RHD. Hence f(x) is not differentiable at x = —

? 2
- It does not follow Lagrange’s theorem.

. L : : ; o —N T
48. (a) Since 3 sin x — 4 sin’ x = sin 3x and sin 3x is increases when 3x can take values from — to = or x takes

1 = 2 2,
value from ? to &

i
. The length of longest interval in which f(x) increase is Tiny (-g} = g

52. (d) % = f’(x) slope of normal = }:T‘éc“)“, fp:—(;), tan%n =—1.f03)=1.

12



o3,

56.

57-

58.

59.

61.

65.

69.

71.

o el d a0
(d) s f’(x), slope of normal LG !
’ = (xZ +1)2x - (x—-1)(2x) b __4x_
Hx <0, f(x)<0and ifx=8 f (e 0

. x is point of minima, .. Minimum value of f(x) = 1.

=i =

(b) f(x) = cos x + cos (ﬁx) is 2, attain its maximum at x = 0.

There exists no other value of x for which the same value can be attained.

©f0) = == = i) = EISE

sin x sin” x

sinx

sinx—-xcosx=0 = x= = tan x
; SEERRE
In the interval (0, 1), there is no solution for x = tan x

2

) X ,( ) tanx — xsec” x 0 1
XN=— = g'x)="7"—F5"=0 = x= ——
g tan x - tan2 % SINXCOS X
In the interval (0, 1), g(x) is not increasing function.
1
(b) Hence f(x) attains maximum at x = e

e

T w25 = s (0 — ) =252 (1 —xP%fl— %) & 3k = 25t (1= x) (] — 4x)

1 1
f(x) is positive for x < a and f(x) is negative for x > 0
i
Hence, f(x) attains maximum at x = 1

(d) Max. value of (x) = 2 — h at left neighbourhood of x = 0

x<0for =l Sx<0

Minimum value of f(x) = (0 + A) at right hand of x =0 = x>0for 0 <x < 1.

. P : 2 e () dy 4x
a)y= =1- . Slope e s e
e e gaj) ol Hns

ds
For maxima and minimas. — =0 =
-1
Slope has maxima at x = ——= = y = —
q L R )

(a) Let us take a point (\/6 0s0,+/3 sin 6)
2, 2
X 3k
Onthe — + 2 = 1. <
n the p 3 1

tan —=-1 = f'3) = L.

ds 4P +121-x202 +D2x

/ :
Slope of normal at P = el V65000 = J2 tanB=1.

by /' » = x/?_)cosecﬂ i

2 3
so, cos 6 = \/; and sin O = 7—5 Hence required point is P (2, 1).

(d) xe [-1, 2), f'(x) =6x + 12 > 0 on (-1, 2)
So, f increases on [-1, 2]

S
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74.

.

76.

G fe

78.

81.

82.

84

A point x = 2
lim lim

lim lim
e el st e L (W )= 35

(f) is continuous at x = 2 as well.

As ‘f” increases on [-1, 1] and decreases on [2, 3]

so, f has a maximum at x = 2.
©ff=€ex-1)(x~2)dx

S f@>0oref>0(x—1)>0and (x-2)>0

x 2 2Zandas 1
©P+3y--3P=0=2xx+3) -y E+3)=0=2x+3) (x-») =0

- Equation of normal is y - 1) =-1 (x-1)=>x+y=2

It intersects x + 3y = 0 at (3, —1)

. Curve meet again in the IV quadrant.

@ F0) = = +2px+1
2Bx% + xx+ o = 0 has roots — 1 and 2.

(d) Let A(f) = f(x) — 2g(x) = 1(0) = h(1) =2
Hence, using Rolle’s theorem
fe)=0=f(c) =2g'(c)

F = L) 1’ log3—logl

2
C= =2 log.e:

G, e FREROEG R
: \/5[7)
‘(x) = -(cos x — sin x) =
Q& lJr(sinJc-i-cosx)2 ¢ ) I+(sinx_+cr;)sx)2
o g e B T
— + i e e ——
f(x) is increasing if 7 <x 7 < 25 2 <x< 4
mrvate e (:E ﬁj
- f(x) is increasing 52
(a) Eliminating 0, we get, (x — a)* + * = a?

Hence normal always passes through (a, 0).

@ (b

(i) () 2b +1=100

(iii) (d) Area of garden as a function of x can be represented as
A(b) = bl = b(100 — 2b) = 100b — 2b?

(iv) (c) A(b) = 100b — 2b?
A’(b) 100 — 4b
For the area to be maximise A'(h) = 0
100-4b=0=4b=100;=2b=25ft

(v) (a) Maximum area of the garden
= 200(25) — 2(25)* = 5000 — 1250 = 3750 sq. ft.
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