Chapter - 8 APPLICATION OF INTEGRALS

STUDY NOTES

y is replaced by —y. For example, the graph of the equation x = y? is symmetrical about x-axis. o)

e Symmetry about x-axis : A graph is symmetric about x-axis if its equation is unchanged when : /
v

AY
y=x2
e Symmetry about y-axis : A graph is symmetric about y-axis if its equation is unchanged
when x is replaced by —x. For example, the graph of the equation y = x? is symmetrical -
about y-axis. o

N
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e Symmetry about origin : A graph is symmetric about origin if its equation remains
unchanged when x and y are replaced by —x and —y respectively.

e Symmetry about line y = x: If on interchanging x and y, the equation remains
same, the graph will be symmetrical about line y = x. For eg., the graph of equation 3X
Jx +,\/; = 1 is symmetrical about y = x. :
LY

® Area between a curve y = f{x), the x-axis and the ordinates x = @ and x = b.
In the given figure, BA is a vertical line segment running across the area.
The height BA is (the value of y at B — the value of y at A), i.e., (y5 — ¥,)-

b b
.~ Area = J(YB —yA)dx = I(yuppercurve = Yiower curve) %
a a




® Area between curves y = fi(x) and y = f;(x) and ordinates
x=a x=b

b b
Area = [(yg-yp)dx = [[A®)-fL(]dx

® Area bounded by the curves y = f|(x) and y = f,(x). The two curves intersect
atx=candx =d

d d 5 i
Area = [(B-ya)dy = [[i()- H@)]dx. | e
c c (0]
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® Area bounded by curves x = f,(y) and x = £,(»)

b b
Area = [(g—xp)dy = [[/L()- /(M.

a

QUESTI_ON BANK
' "~ MULTIPLE CHOICE QUESTIONS ' -

1. Area bounded by the curve y = logx, x-axis and the ordinates x = 1, x = 2 is :
(a) log4 sqg. units (b) (log 4 + 1) sq. units
(¢) (log4 — 1) sq. units (d) log4? sq. units

2. Area bounded by parabola y* = x and straight line 2y = x is :

(a) g— $q. units (b) 1 sq. units (c) % Sq. units (d) % $q. units

2
3. If area bounded by the curves y* = 4ax and y = mx is %= then the value of m is :

(3) 2 (b) -2 ©) 3 @3
4. Area bounded by the curve xy — 3x — 2y —10 = 0, x-axis and the lines x = 3, x = 4 is (in sq. units)
(a) 16 log2 — 13 (b) 16 log2 -3 (c) 16 log2 + 3 (d) 16 log2 + 13
5. The area of the region bounded by y =[x — I|and y = 1 is :
(@) 2 ®) 1 © 3 @ -1
6. Area bounded by lines y =2 + x, y =2 — x and x = 2 is (in sq. units)
(a) 3 (b) 4 (c) 8 (d) 16
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The area bounded by the straight lines x = 0, x = 2 and the curves y = 2%, y = 2x — x* is (in sq. units)

e Bl 4 g
— . s — + -—= Wit e
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. The area enclosed between the curves > = x and y = |x| is (in sq. units)
2 1 1
@ 3 (b) 1 © ¢ @ 3
The area between the parabola y = x> and the line y = x is :
(a) % $q. units (b) % $q. units (c) % $g. units (d) i Q. units
Area bounded by the parabola y*> = 4ax and its latus rectum is :
(a) %az $q. units (b) % @ sq. units (c) % a® sq. units (d) % a? sq. units
Area included between the two curves y* = 4ax and x* = 4ay, is :
395 » : T 32 : 5 :
(a) 34 Sq. units (b) G sq. units (c) 3 S units (d) 3 9 s units

The part of circle x> + > = 9 in between y = 0 and y = 2 is revolved about y-axis. The volume of generating
solid will be (in cubic units)

(a) %n (b) 12n (c) l6m : (d) 28n
The area bounded by y = x?, the x-axis and the lines x = —1 and x = 1 is :

(a) *32* $q. units (b) % $q. units (c) % $q. units (d) % sq. units
The area of the region bounded by the parabola y?> = 8x and the line x = 2 is :

(a) % $q. units (b) 13—6 $Q. units (c) ~33—2 sq. units (d) 37),2- $q. units
The area of the region bounded by the curve y? = 4x, y-axis and the line y = 3 is :

(a) % $q. units (b) % $q. units (c) % $q. units (d) -g— $q. units
The area of the region bounded by the curve y* = x and the lines x = 1, x = 4 and the x-axis is:

(a) 13—4 $q. units (b) % Q. units (c) % $q. units (d) % $q. units

The area of the region bounded by the parabola x> = 4y and the lines y = 2, y = 4 and y-axis in the first quadrant
15" Ly

(a) %(8—2\/5) sq. units (b) ? $q. units

2]
3

(c) $q. units (d) %(SMZ\E) $q. units

The area bounded by the curve y = x>+ 1 and the straight line x + y = 3 is:

717 17317
6

(a) g $g. units (b) 4 sq. units (c) $q. units (d) -

sq. units

The area bounded by the curve x*> = 4y + 4 and line 3x + 4y = 0 is:

23 : 125 : 125 . 124 :
(a) 7 59 units (b) g 59 units (c) T units (d) 4 54 units
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The area of the region bounded by line y = 2x, x-axis and ordinate x = 2 is :

(a) 4 sq. units (b) 5 sq. units (c) 6 sq. units (d) 3 sq. units
The area enclosed between the graph of y = x> and the linesx =0, y = 1, y = 8 is:

(a) 7 sq. units (b) 14 sq. units (c) % Sq. units (d) 2—5 sq. units
The area of the region bounded by the curve y = /16— x> and x-axis is :

(a) 3w sq. units (b) 8m sq. units (c) 4w sq. units (d) 16m sq. units
The area of the region bounded by the line y = x, the x-axis and the ordinates x = — 1, x = 2 is:

(a) % $q. units (b) % $q. units ' (c) % sq. units (d) % $q. units

The area enclosed by the curve y? = 4x and the line x = 3 is :

(@) 32 sq. units (b) 83 sq. units (©) 243 $q. units (d) 43 sq. units

The area bounded by the curves y*> = 4x, and y = x is :

(a) % $q. units (b) % $q. units : (c) % sq. units (d) ? $q. units
The area bounded by the lines y — 2x = 2, y = 4 and the
y-axis is equal to (in sqg. units)

(@) 2 (b) 3

(c) 4 @1

2

The value of the integral J-[x]dx 15y
-1
3
@ 3 () 0 (c) 3 (d) 1
The area above the x-axis and under the curve y = Jl-l for % < x = 1 18 (in-sq. units)
E
T S2] T0 S288] T T
(a)i s (ol s (e @71
The area of the region bounded by the line y = 4 and the curve y = x? is :
(a) %2— $q. units (b) % Sq. units (c) 32 sq. units (d) % Sq. units

The volume of solid generated by revolution parabola y* = 4ax, cut of by latus rectum, about tangent at vertex
is (in sq. units) : 7

(a) L (b) 4na’ (c) 40 a’ (d) ia

5] > o)

The area of the region bounded by the y-axis, y = cosx and y = sinx, where 0 < x < % jg

(@) 2 sq. units (b) (V2 +1) sq. units (¢) (¥2-1) sq. units (d) (2v2-1) sq. units
Area of the region in the first quadrant enclosed by the x-axis the line y = x and the circle x? + 3% = 32 is :

(a) 16w sq. units (b) 4m sq. units (c) 327 sq. units (d) 24w sq. units
The area of the region bounded by the curve y = sinx, between the ordinates x = 0 and x = g and the x-axis is:

(a) 2 sqg. units (b) 4 sq. units (c) 3 sqg. units (d) 1 sq. unit
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The area of the region bounded by the curve x = 2y + 3 and the lines y=land y = -1 is :

(a) 4 sq. units (b) % sq. units (c) 6 sq. units (d) 8 sq. units
Area of the region bounded by the curve y = cosx between x =0 and x = T is :

(a) 2 sq. units (b) 4 sq. units (c) 3 sq. units (d) 1 sq. unit
The area of the region bounded by the curves y*> = 9x, y = 3x is (sq. units) :

(a) 1 sq. unit (b) % $q. units (c) % $q. units (d) ?}: s$q. units
The area of the region enclosed by the parabola x*> = y and the lines y = x + 2 is :

(a) ?32- $q. units (b) % $q. units (c) % $q. units (d) % 8q. units
The area of the region bounded by the line 2y = 5x + 7, x-axis and the lines x = 2 and x = 8 is:

(a) 32 sq. units (b) 64 sq. units (c) 96 sq. units (d) 72 sq. units
The area under the curve y = |cosx — sinx|, 0 S x < g’ and above x-axis is (in sq. units) :

(@) 242 (b) 242 -2 (€) 242 +2 (d) 0
The area bounded by the x-axis, the curve y = f(x) and the lines x = 1, x = b, is equal to \/b-zz 2 for all
b > 1, then f{x) is :

@ Vr-1 () Vx+1 © V41 @ 7=
+X

What is the area bounded by y = tanx, y = 0 and x = %‘?

(a) log2 sq. units (b) 19—%2 §q. units (c) 2(log2) sq. units (d) none of these
The area of the figure bounded by y =€, y=e*and x =1 is :

@) 2(e =1) (b)e+é—2 (c)e—i-+2 (cl)e+é

Area of the triangle formed by the line x + y = 3 and angle bisectors of the pair of straight lines x> — y? + 2y = 1
is :

(a) 2 sq. units (b) 4 sq. units (c) 6 sq. units (d) 8 sq. units
The area of the region R = {(x, ) : |x| £ |y| and x> + > < 1} is :

(a) 3—8—1': $Q. units (b) 5—; $q. units (c) g $q. units (d) % $q. units

The area of the region bounded by the curve y = x |x|, x-axis and the ordinates x = 1, x = -1 is given by :
(2) zero ®) 3 © 2 @ 1

The area between the curve y = 1 — |x| and the x-axis is equal to :
(a) 1 sq. unit (b) —;— $q. unit (c) % sq. unit (d) 2 sq. units

Area intercepted by the curves y = cosx, x €[0, ©] and y = cos 2x, x €[0, =], is (in sq. units) :

33 T

3n
= Kooy g

The area enclosed by the curve y = —x* and the straight line x + y + 2 =0 is :

O (b)

(a) % $q. units (b) g: sq. units (c) % $q. units (d) "9; sq. units



49. The area of the region bounded by the curve y* = 2x and x* + )? = 4x is :
8
(a) [n-—g] $g. units (b) (n—g) sq. units (c) Z(E—%) $¢. units (d) 2[1!;—2—) $g. units

50. The area of the region bounded by the triangle whose vertices are (-1, 1), (0, 5) and (3, 2) using integration is:

(a) % $q. units (b) % $q. units () % sq. units (d) % 5q. units

INPUT TEXT BASED MCQ’s

51. A child cut a cake with knife. The cake is circular in shape which is represented by x*> + y* = 16 and edge of
knife represents a straight line by y = x.

Answer the following questions :
(i) Point of intersection of the given curve and line is :

(a) (4, 0) () (2v2, 2v2) © (2v2,0) @ (0, 242)

(ii) Which of the following shaded portion represent the area bounded by given two curves?

4
(iii) The value of integral [ V16—x’dx is :

232
(a) 2(n - 2) (b) 2(m — 8) (c) 4 - 2) (d) 4(n + 2)
(iv) Area bounded by the circular cake and knife is :
(a) 3m sq. units (b) g $Q. units (c) m sq. units (d) 2m sq. units
(v) Area of whole cake is :
(a) 27 sq. units (b) 471 sq. units (c) 167 sq. units (d) 20 sq. units
- ANSWERS

1. ©) 254 3. (a) 4. (c) 5. (b) 6. (b) 7. (d) 8. (c) 9.(a) 10. (c)
1.(d 1A 1@  14.@: 150 16 @) 1T @AFEEE G 19.@ 20 (a)
M. (c).~22(b) B.@) 2408 25.() 5 26 L@ W@ 29®  0.()
M) N® 33.@ M) 35@ 360 Wb s 90 4.0
4. (b) 42.(b) 43.(a) 44.(c) 45 (c) 46.(a) 47.() 48.() 49.(d)  50.(b)
ST @hniy-Gig) (c) | - (i) (a) .  Gv) (d) V) (©



Hints to Some Selected Questions

1. (c) We have, y=logxand x =1 and x = 2
2

Hence, required area = J log x dx =[xlog x x]1
1

= 2log2 -2 + 1 = (log 4 — 1) sq. units

2.(ayY*=xand2y=x=23)2P =2y =y=0,2
i 3 2
‘. Required area = I(y2—2y)dy={y?—y2J A $q. units
0 0
Shaanilll
x-2

4. (¢) Givencurve is y(x —2)=3x + 10 = y =

4
3x+10 .
Required area = | yr = | “2 dv = [3x+16log(x~2)]; =3 + 16 log2 sq. units
x_
3 3
N
5. b)y=x-Lifx>landy=—-(x-1),if x <1 x=1
1 2 : 27 2 2 i y=xe
x X
Area = 1-x)d -1 = - PR
rea J( oy x+I(x )dx {x 2} +|:2 x:L i
1 0 1
x=2
[l K
x+y=1
x 372 K/;
. X 2 2 X
7. (d) Required area = I[(Z — (20 —x")Jde = X =
log2 3
0 0
i Boesias S 4
log2 B Wlgo2elog2F 3
- Y
8. (c) Required area = I( —x)dx
0 (1.1)
2 <
{ 32 _X } < >
I-%—l:-—s units
B
AY
(1.1

y -

9. (a) Given curves are y = x% and y = x
On solving, we get x = 0, x = 1.
1 o)
x° - x?

Therefore, required area A = I (x - x)dx =
0 0
v

= % sq. units.

W | —
B | —



10.

>

a a
(c) Area = 2 [ ydv=2[4ax dx
0 0

N

=2 x 2\/Ex—§—[x3/2}a

0

= %az $q. units

x*=4 ay "y
11. (d) Solving the two equations, we have x* = 64a*x = x = 0, 4a

e 122 = x2
Required = 12y el et o gy &
equired area I _[ =

0 0 0 M@a,0) >’
ot 16 o 410, - \
3a 3 a Sa §(. units

v

N

12. (a) The part of circle x> + y? = 9 in between y = 0 and y = 2 is revolved about y-axis. Then a frustum of sphe
will be formed.

2 2 2
The volume of this frustum = thxzdv——-nj(‘)—yz)dy = n[9y—31-y3ii = n[9x2«-§(2)3—(9—%ﬂ
0 0 0

= n[18~§}=i§—n cubic units,
3 3

13. (a) Required area = 2 x area of OAB = 2J-; vdx

1
ST
0

2 2
14. (c) Required area = ZI ydx = 2 _[ V8x dx
0 0

x=2 =
3 2 ¥ = 8x
2

2]
=2x2V2 [s2 dx = 42
0

W |
=

0 X<

T T5

3
- 2\/5 22 -0 _.._‘[___ x22 = —sq units

15. (b) Given curve: y? = 4x = x =)§:>y=2\/;

3

3
ie iy 3
Reqmredare Ixaj; I%dy=i|: :|=%><2—7=2Squnits.
0 0



16. (a) Required area = area of ABCD = J': ydx

3

= Il4\/;dx=§|:x3!2]4 o % [(42 —12)]

1

i e e ;
= 3(8 1) 3 sq. units

VY Ve

vx=1 "x=4

17. (d) The area of the region bounded by the curve, x2=4y,y =2 and y = 4, and the y-axis in the first quadrant
is the area ABCD.

Required area = Area of ABCD = E xdy =E 2fydy =2 E Jy dy

4
3

B i[(4)%_(2)§} - 2[8-242] sq. wnits.
e :
2

19. (d) We have, x> =4y + 4 and 3x + 4y = 0
On solving, we get, x = -4, 1

- 3x [ x?
Required area = j T~[—4——1 dx

ge
e
=3 %<
= | — ¢t —_———— x
4 2 712
14
-3 1 125 :
=—(1- -— 1+ +5=—=—
3 (1-16) B (1+64)+5 4 Q. units.
2 AY
20. (a) Area = [2xdx
0

2P -
= [x }0 = 4 sq. units

21. (c) Given curve is y = x> or x = y'

1

8
.. Required area = I yma’y
1
3 Bg

R e ) _45 :
4[y ]1 4 x 15 7 5% units

A

5 4 1 -
22. (b) Area = 2[V16-x" dx T
X T P "“”\/
= 2[5\}'16—362 +?Sin-l Z} = 81 sq. units.

0 \




2 0 2 0 )
23. (a) Required area = [ydx+ [ (-y)dr =[xdx+ [ (-x)dx
0 5 0 5| g
X"H' 0) i - 2\
ok 20 =1y 2o
= | Z | -Z =2+l=£s units s
2 2 gEs ¢
0 =1 v

3 3
24. (b) Required area = 2 J' dx = 2_[ 2Jx dx
0 0
3
3/2
= 4. xT =§[32’3—0]=§3-J§:8J§ sq units.
2 o
4 4 AY
25. (a) Required area = IZ\/; dx — [ x dx : V2= 4x
0 0 :
4 ‘& -a»':;k é >
3 y X'€ Z A >
ik s x e 16
=pllEss | o lae s s patn, [8] | [Tt
- 23 2
2 0 \\l’f’
=§2—8=32-24=§s units
3 A
4 o ee o2 on i
26. (d) Area bounded by the lines = [—=dy =5[l’2-—2 y:l =1
2 2
2 0 1 2
27. (b) I [x]dx = _[[x]dx+_[[x]dx+f[x]dx [Since {x} are discontinuous on integral values]
=1 -1 0 1

2

= ? —ldx+i'0dx+ildx=*[x]21 +0+[x]]

-1 0 1
= @0+1)+0+[2-1]=-1+0+1=0

29. @) y=x2=x= .y

4
- Area = 2 I J;dy
0

4
2 3,2} 4 32 ;
=2 |= =—[8—-0]=— sq. units.
[3y - 3[ ] =

10



2 2af 2)\2
30. () V=2 Tl:xzdy—2nj(y—} dy < ........... ,
3 0 da
1 '

5 3 :
Sl g (in units) 7
16a%| 5 5

0

33. (d) Given equations of curve is y = sinx A

between x = 0 and x = g

/2 X< o)
Area of required region = j sin x dx
0

= — [cosx]g/2 = 1'8q. unit

e
<<

34. (c) Given equation of lines

arex=2y+3,y=1andy=-1 Vel

SIEES

1

Required area = ‘[ (2y+3)dy =
] o

* 2.%[},}2]]—1 +3[y]1_1

N

=41 — 1)y + 3(1 +'1) = 6 sq. units
35. (a) Given that : y =cosx, x =0, x =T

/2
Required area = j cos xdx +
0

T
I cosxdx
/2

N

: /2 :
= [smx]aE +‘(smx)z/2

G UL : : eIV
= | sin——sin0 |+|| sinT—sin—
{ 2 } [ 2}

=(1-0)+|(0 - 1)] = 2 sq. units

37..(b) Here, x> =y and y = x + 2
R b o
-0 e e )
S@x-2)x+1)=0 X<

<<

x=-1,2
Area of the required region

5 9 9 2 3 2
j (x+2)dbx— [ x7dx = [%+ 23{1 —[-’%—L

I

-1 -1

3 1 15 9
6 —_— —_—— —_ — e 1
( -5-2) 3 x 9 5 5 5 54. units

<€



38. (c) We have, 2y = 5x + 7, x-axis, x =2 and x = 8

% ST
Y& a0

Area of the required shaded region

8 8
= J(5x+7de:l|:ix2 +7x}
5 2 22

2

oyl e P :
—2{2(64 4)+7(8 2)}

= % [150 + 42] = % % 192 = 96 sq. units

39. (b) y = |cosx — sinx]
/4 /
Required area = 2 I (cosx—sinx)dx = [sinx+cos x]g #
0

= 2|:72_2-—w1}=(2\/§+2) $q. units

b
40. (d) Given [ f(x)dx=Vb>+1-2
1

Differentiating with respect to b

b X
Mo 5 = f(x)= =
b° +1 e
/4 o 1
41. (b) Required area = I tanxdx = [lt;)gsecx]:)r =10g\/§—0=—2—10g2.
0
D
42. (b)
0, HA
C Y
(0] B #

1

1

Required area = J‘(eJC -e N)dx = [ex +e"‘}0
0

:(e‘+e‘1)—(1+1)=e+%—2

3. (A X —yY+y=1=x=2@(-1)
Bisectors of above line are x = 0 and y = 1

N

x=2

fix)=cos x g(x)=sinx

N

/4

/2

4 0)
>X

e

>
<<€

x+y=1

12



So, area between x =0,y =1landx +y =3 is

shaded region shown in figure.

. Area =—;— x 2 x 2 =2 sq. units

N

v
44. (c) Required area = 4 (Area of the shaded region in first quadrant)
V2 N2 "

=4 [ n-p)dx=4 | [\/l—xz—x]dx
0 0

= 4| Zy1-42 +%sin‘1x—%

- 2]1/\/5
|2 0
Lol s l}
2 2o

BE i .
=4| —+———|=—=— sq. units
14 8 4 e 2

45. (c) The area of the region bounded by the curve y = f(x) and the ordinates x = a, x = b is given

b
fra

a

Area =

N

by

According to the question, y = x|x| = 5 PSR

x? el C(1,0)
=X = x ()

~. Required area = 2 X Area of region OAB

1 ) e
=2 Ixzdx & sq. units

0 4

46. (a) Thecurvesarey=1-x,y=1+x,y=0

Area = % x base x height

Base=2,height=1:=>Area=%><2><1=lsq.unit

2n/3 \[3_
47. (d) Area= [ (cosx- cost)dx_T
0




48. (a) We have, y=-x2orx2 =—y AY
and the line x + y+2 =0
Solving the two equations, we get
=Sx—-x+2=0=x2-x-2=0

=2xx-2)x+1)=0=x=-1,2

<

(&
>
d

Area of the required shaded region Y& So

“HGe )l
=

2 2
= j (= 2yehc = j —x%dx
-1 “fas5]

R

= (6+ 2J+3(9)
51. (i) (b) We have, x* + 3> = 16 (1)
and y = x s (11)
From (i) and (ii), 2x2 = 16 x = 22

.. Point of intersection is (ZJE, 2\/5). A

] :
= = 8(¢. units

-—+3 2

2

(i1) (c) The shaded region which represent the area bounded by two circular cake and
knife in first quadrant is shown here.

4 4
(i) @) | \/16wx2dx=[%\/16—x2 +1é6_.sin—1(£ﬂ
242

4) hyz
= 8sin"!(1) -4 - 8 sin“l[%)
T L oo
28(5) —4—8(1} =4TL'—4—-2TE—2(TC—2)-

(iv) (d) Required area = area (OMA) + area (ABM)

242 4
= [ xdc+ [ N16-x’dx =4 +2(n - 2) = 21 5q. units
0 2.2

(v) (c) Area of whole cake = 7(4)> = 16w sq. units.

14
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