Chapter - 5 CONTINUITY AND
DIFFERENTIABILITY

- STUDY NOTES

e Continuity of a function :

A function f(x) is said to be continuous at x = g if lim_ f(x)= lim+ F(x)= f(a)
x—>d x—a

i.e., LHL = RHL = Value of function at ‘a’, i.e.,, lim f(x)= f(a)
xX—a

If f(x) is not continuous at x = a, we say that f(x) is discontinuous at x = a.
® f(x) is not continuous at x = ¢ in any of following case :

(1) lim f(x)and lim f(x) exists but are not equal.
x—a x—at

(i) lim f(x)and lim f(x) exists and are equal but not equal to f{(a).
- +

x—a Xx—a
(iii) f(a) is not defined.
(iv) At least one of the limits does not exist.

® Continuity of a function in an interval.
(a) Continuity in an open interval :
A function is said to be continuous in an open interval (@, b) if it is continuous at each point of (@, b).
(b) Continuity in closed Interval
A function is said to be continuous in a closed interval [a, b] if :

(i) f(x) is continuous from right at x = a, i.e., im+ f(x)=f(a)
X a

(ii) f(x) is continuous from left at x = b, i.e, Hm f(x)= f(b)

x—b"
(iii) f(x) is continuous at each point of interval (a, b)
® Geometrical meaning of Continuity :
(1) The function °f/” will be continuous at x = a if there is no break in the graph of the function y = f(x) at the
point (a, f(a)). i
(i1) The function f(x) will be continuous in the closed interval [a, b] if the graph of y = f(x) is an unbroken
line from the point (a, f(a)) to (b, f(b)).
e Continuity of Composite Function
If the function u = f(x) is continuous at the point x = a, and the function y = g(u) is continuous at the point
u = f(a), then the composite function y = (gof) x = g(f(x) is continuous at point x = a.
e Differentiability

Let y = f(x) is continuous in (a, b). Then the derivative or differential of f(x) at x € (a, b) denoted by Y o ()
and is defined as dx

d_ . fErh)=f()
dx  h—0 h



Right and Derivative
Right hand derivative f(x) at x = a is denoted by Rf’(a) or f’(a") and defined as

f(a+h) f(a)

h—>0

Rf’(a)= s et )

Left and Derivative
Left hand derivative of f(x) at x = a is denoted by Lf"(a) or f"(a”) and is defined as

1f*(a)= lim 2@=R=1@ 4 .4
h—0 -h
Standard Results on Differentiation :
(2) % (¢) = 0, ¢ is constant (b) % (x") = nx"1 (c) % (sin x) = cos x
@ 2 (cos ) = i d L e d ST
— X) = —sin x (e) — (tan x) = sec* x ) — (cot X) = —cosec” x
dx dx _
(g) % (cosec x) = —cosecx cotx (h) % (sec x) = sec x tanx [ et (ax) = a log?
) & (e = 4 = D et |
= cl) = (9] I (log x) mgllee M = x| w or
(m) % \/;:\_2/}: (n)di‘ix" = x*(1 + log x) (o) %sin”x: 1_1x2
d 1 den =l & T
(p) ——cos"x = - (Q)atan]x— o (r) a(cotlx)——wx2
(s) 4 (sec”! x) S, S x> (b 4 (cosec™! x) o pci i | x|>|
dx |x|\}x2—l dx |x|\/x2—1
® Chain rule : If y is a function of z and ‘z’ is a function of x, then
dy _dy  dz
dx dz dx
® Algebraic functions of Differentiation
@ £ ] - kL 1w ) L (1) + g0] = L 1) + L g0
dx dx dx dx dx
d _.d d d(f®)_ g0)f ®- g™
©) £ [1().¢)] = ) 1) + S5 209 @ dx(g(x)j fo [
d . ! Gl 1
(] [FR)EH] = [GeF — g(x) log f(x) ® prsime ok f (x). fx) # 0
® Some Important Results
@ a®+x*—>x=atan® (b)a® - x> —> x = a sin0 or acosd
() ¥* — a2 —> x = a secH or x = a cosecH (d)aix—)-x:atane
(e) Zti —> x=acos (f) lixxz —> x = tan0




QUESTION BANK

- MULTIPLE CHOICE QUESTIONS

1. The points of discontinuity of y = g(u) = —il—-— is ; where u = 8
Uaie= 7 x—1
(a) Only % (b) only — % ©) % % % @1, % 2
= 1 T 3 : 2 -
2. If f(x) = —--—(x ey, and g(x) 2 then points of discontinuity of f(g(x)) are
(){1011} (b){1 1011}(c){01} (d){()ll}
a -4, s Ly T T LYy, LT s \ s 1y T —
V2 V2 V2 V2
3. Iff(x) = (1 + x)2 + )2 (3 + )3, then 17 (-1) is:
(@) 3 213 Ey () 0 (d) does not exists

4. Let f: R — R be a differentiable function at x = 0 satisfying f(0) = 0 and f’(0) = 1, then the value of

im 15 1 s(3)-

x=0X = n

(a) 0 (b) ~In2 () 1 (d) e
5. If f(x) is continuous in [0, 2] and (0) = f(2) then the equation f(x) = f(x + 1) has

(a) non real root in [0, 2] (b) at least one real root in [0, 1]

(c) at least one real root in [0, —2] (d) at least one real root in [1, 2]

6. Let f(x) = max (cos x, x, 2x — 1), where x > 0, then the number of points of non-differentiability of f(x) is :
(a) only 1 (b) two (c) three (d) four

kvx+1. 0£x<3

mx+2, 3<xZ5
is differentiable, then the value of k + m is :

7. If the function g(x) = {

@ 2 ® 2 © 4 @ 2
8. If y = sec(tan™! x), then % at x = 1 is equal to:
1 sls
(@ 5 (b) 1 - © V2 2 @ 7
9, IF n htictohy e is onih e ated — pothen fim 22 =4 Ml
X—>a X =
(a) 2af(a) - a*f'(a) (b) 2af(a) + a*f'(a) (c) —a*f"(a) (d) af(a) - a*f'(a)

10. Let f: (-1, 1) = R be a differentiable function with f(0) = -1 and f"(0) = 1.
Let g(x) = (f(2/(x))

Then g’(0) =
(a) 4 () 0 (c) 2 (d) 4
11. Let y be an implicit function of x defined by x> — 2x* cot y — 1 = 0. Then (1) equals
(a) -1 : (b) log 2 {c) 1 (d) — log 2



(x—l)sin[ J, if x#1

12 et fix)— il
Or ity =1
Then which one of the following is true?
(a) f'is neither differentiable at x = 0 nor at x = 1 (b) fis differentiable at x = 0 and x = 1

(c) fis differentiable at x = 0 but not at x = 1 (d) fis differentiable at x = 1 but not x = 0

13. The set of points where f(x) = l—fﬂ is differentiable is
: X

(@) (o=, 0) U (0, ) () G sl i=lycs) o8 (Cl e (d) (0, =)
14, If ™" = (x . = 2, then ix_y is:
@ % (b) xv (© 22 @2
% xy y
15. Let f(x) is differentiable at x = 1 and }}i_r)n()% f(+h) =5, then f'(1) equals
(a) 3 (b) 4 () 5 (d) 6

16 Tet f0) = —20as T gl
S s o
: : . T JCe\ e
If f(x) is continuous in [0,—2—} then f (Z) is:

1 1
(@ 1 (b) 5 (©) - 2 (sl
17. If f is a real valued differentiable function satisfying |f(x) — f(»)| <(x - )%, x,yER and
f(0) = 0, then f(1) equals :

(a1 =1 (b) 0 (c) 2 (d) 1
18. Let f be differentiable for all x. If f(1) = -2 and £ (x) > 2, for xe [1, 6] then :

(a) f(6) =8 (b) f(6) <8 (c) f(6) <5 (d) f(6) =5
10, Tfix =7 = = x>0 then & 18

dx
(a) & ®) < e (@ X+
1Ems i 5 X
Efile
20. If f(x) = {xe M * 1 20; then f(x) is :
0, x=0
(a) continuous as well as differentiable for all x. (b) continuous for all x but not differentiable at x = 0.
(c) Neither differentiable nor continuous at x = 0 (d) discontinuous everywhere
2=t
21. If f(x) = sz—— , (x # 0) is continuous function at x = 0, then f(0) is equal to:
1 1 1 1

@ 7 ®) -7 © g @ -5

22. The value of f(2), if the given function f(x) = x(;‘ N .
x —
1
@ 0 ®) 5 © 1 @2



23.

24.

25.

26.

27.

28.

29.

30.

2l

32.

33

3x-4 0Lx<2
= . : . : o
If f(x) i)l oLy continuous at x = 2, then what is the value of A?

(a) 1 (b) -1 © 2 @ =2
—gin1

The value of f(0) if the function f(x) = ot 1 1x

2x +tan” x

(x # 0) is continuous at each point of its domain is :

1 2 1
(@ 2 ®) 3 © 3 @ -3
The value of b is, if the function

5x—4 i <tpietle: : ; : :
f(x) = 5 is continuous at every point of its domain
4x° +3bx iE | e
(@ -1 (b) 0 () 1 (d) 2
2kl x> 1
The value of k if f(x)=4{ % x =1 is continuous at x = 1 is :
Sx—2 x<1
(a) 1 (b) 2 (c) 3 (d) 4
1-sinx s
i X # E
Which of the following the value of A if the function f(x) = L
: T T
Continuous at x = 5? A x= 3
(a) -1 (b) 1 (c) 0 (d) 2

Which of the following is correct if the function?

T
ax+l <= .
flx) = is continuous at x = 5‘?
: s
sinx+b x> =

@ a=1,5b=0 ®a="T1+1 o) b= gt b=
2 ) 2
- - ax® +b N =1k ; _
Consider the function f(x) = is continuous everywhere, then, the values of ¢ and b are:
b’ tax+4 x2-1
(@ 3,2 (®) 2,3 ©1,2 (@ 0,2
ok )
x“sin—, x#0
fx)= & is
0 x=0

(a) continuous at x = g (b) continuous at x = 0

(c) discontinuous at x = 1 (d) discontinuous at every point
What is the value of f(0), if f(x) = (x + 1)®'* is continuous at x = 0?

(@ 1 ®) e OF @ &
A function is defined as f(x) = x* cos (lJ, x # 0, f(0) = 0. Which of the following must be true if the given
function is continuous at x = 0? =

(@ a=0 b)a>0 fcya=<0 - (d)a>0
f(x) is a real valued function, defined as f(x) = sin (|x|), which one of the following is correct?

(a) fis not differentiable only at 0. ‘ (b) f'is differentiable at 0 only.

(c) f'is differentiable everywhere. (d) fis non-differentiable at many points.



34.

3s.

36.

7.

38.

39.

40.

41.

42.

f(x) is a real valued function such that f(x) = —x if x > 0 and f(x) = —x? if (x) < 0. Then which of the following
is correct? :

(a) f(x) is continuous at every x eR. (b) f(x) is continuous at x = 0 only..

(c) f(x) is discontinuous at x = 0 only. (d) f(x) is discontinuous at every x € R.

Which of the following statement is correct for the function f(x) = | x| + x??
(a) f(x) is not continuous at x = 0. (b) f(x) is differentiable at x = 0.

(c) f(x) is continuous but not differentiable at x = 0. (d) f(x) is discontinuous at x = 0.

et .
sin— ifx#0

F (x) is defined as the product of two real functions f,(x) = x, x € R and f,(x) = X
: 0 < ifx=0

as F(x) = filx).5(x) ifx#0

e 0 ifx=0
Then which of the following statement is correct?

(a) F(x) is continuous on R. (b) f,(x) and f;(x) are continuous on R.

(c) F(x) is not continuous on R. (d) f,(x) and f,(x) are differentiable on R.
f: R — R be a continuous function defined by f(x)= _x._l_._?
Then which of the following statement is correct? e +2e

1 1
a) f(c) = 7> for some c € R. b)) 0<f(x) < —= forallx e R

@ f(0) =5 e

(c) f(x) is differentiable at x = 0 (d) All of these
The function f(x) = 1 + |sin x| is :

(a) continuous no where (b) continuous every where.

(c) differentiable at x = 0 only. (d) not differentiable at infinite number of points.

|x -3 x20
For the function f(x) = {42 3x 13 ; which one of the following is incorrect?
———+—, xxl
4 oeagh

(a) continuous at x = 1 (b) differentiable at x = 1 (c) continuous at x = 3 (d) differentiable at x = 3
If f(x) = min{1, x2, x*}, then

(a) f(x) is continuous V x > R (b) i) =y ¥ x =1

(¢) f(x) is differentiable but continuous V xeR (d) f(x) is not differentiable for two values of x.
Let /: R — R be a function such that f(x + y) = f(x) + f(y) V x, yeR. If f(x) is differentiable at x = 0, then :

(a) f(x) is differentiable only in a finite interval containing zero.
(b) f’(x) is continuous V x > R

(c) f(x) is constant V¥ x > R

(d) f(x) is differentiable except at finitely many points.

If £(x) = |x — 3|, then

(a) xl_i:?—f(X) #0 (b) ingl‘ f(x)=0
() lim f(x)# lim f(x) (d) f(x) is continuous at x = 3
x—3t x—=3"



43.

44.

45,

46.

47.

48.

49.

50.

51.

52.

kcosx m
, Whenx # 5 7
If the function f(x) = i ; continuous at x = 5, then k =
8 when x = g
(a) 3 (b) 6 fc) 12 (d) 10
' log(1+ ax)—log(1-bx) e :
The function f(x) = is not defined at x = 0, so that it is continuous
X
atx =0 is:
(@ a->b (b)ya +b (c) loga + log b (d) loga—log b
x4+ x2 —16x+20 iR
Let f(x) = (x— 2)2 . If f(x) is continuous for all x, then k = .
m ifx=2
(a) 7 &)y -7 (c) £7 (d) 6
If the function f(x) = (x + 1) is continuous at x = 0, then f(0) must be.
1
(@ 0 (b) = (c) e (d) 1
: ; : e B e : o
The point at which the function f(x) = o discontinuous is :
(@) 3, 4 (®) 3, 4 (¢) -1,-3, 4 (d -1,3, 4
— +cosx, whenx=#0
Hilx)y= 1 x , then
2, whenx=10
(a) lim f(x)#2 (b) lim f(x)=0
x—0t x—30"
(c) f(x) is continuous at x = 0 (d) None of these
At which points the function f{x) = és where [-] is the greatest integer function is discontinuous.
(a) only positive integer (b) all positive and negative and (0, 1)
(c) all rational numbers (d) none of these
@z—i‘i whenx # 0
For the function f(x) = { ,2 ’ *7 7 Which one is a true statement?
1, whenx=0
(a) f(x) is continuous at x = 0 (b) f(x) is discontinuous at x = 0 when a # £1
(¢) f(x) is continuous at x = a : (d) None of these
sizx when x # 0 T
Iff(x)=4 5x e is continuous at x = 0. Then the value of x will be:
k, whenx=0
ek 2 2
e ) 3 (c) =3 (d) -1
1—-cosdx when x < 0
v x? whenx =0
If f(x) = 1 a is continuous at x = 0, then the value of a will be:
Vx whenx >0
16 ++/x — 4
(a) 4 (b) 8 (c) 4 (d) -8



83,

54.

.

56.

-

58.

59.

60.

61.

4

If f(x) = , whenx #2 Thep,
16, whenx=2
(a) f(x) is continuous at x = 2 (b) f(x) is discontinuous at x = 2
(¢) lLim f(x) = 16 (d) lim f(x) =16
x—=2 x—2"
2 —
x_tu5 when X ¢ _5 : :
; continuous at x = -5, then what is the value of a?

HoGl= a2 o IS
: a, whenx=-5

@ 3 ® 1 © 2 @2

x+m x<3

The value of m, if fx) ={ 4  x=3 is continuous at x = 3.
3x=-5 x>3
(a) 1 (b) 4 {c) 3 (@ -1
Sin[x] forx>0
[x]+1
cosE[x]
If f(x) = o for x < 0, where [x] denotes greatest integer function. The value of k, if the given function
x
k atx=0
is continuous at x = 0 is :
(@) 0 ) 1 (c) -1 (d) not defined
1-cos 4x ) : :
If f(x) = ———F—, where x # 0 and f(x) = k where x = 0 is a continuous function at x = 0, then the value
of k will be: -
(@ 0 (b) 1 (c) -1 (d) +1
xel/x_e—l/x =
T PGe) = L i , then which of the following is true?
0, x=0
(a) fis continuous and differentiable at every point  (b) fis continuous at every point but is not differentiable
(c) fis differentiable at every point (d) fis differentiable only at the origin
If f(x) = |x — 3|, then fis.
(a) discontinuous at x = 2 (b) not differentiable at x = 2
(c) differentiable at x = 3 (d) continuous but not differentiable at x = 3
Let A(x) = min{x, x*}, for every real number of x. Then

(a) A is continuous for all x. (b) & is differentiable for all x.

(c) A(x) =1 for all x > 1. (d) & is not differentiable at two values of x.
x b0 seral] -

{ il

(a) continuous at all x, 0 < x < 2 and differentiable at all x, except x = 1 in the interval [0, 2]

The function f(x) = {

(b) continuous and differentiable at all x in [0, 2]



62.

63.

64.

65.

66.

67.

68.

69.

70.

i 8

72,

T

(c) not continuous at any point in [0, 2]
(d) not differentiable at any point [0, 2]
The function f(x) = |x| atx = 0 is ;
(a) continuous but non-differentiable (b) discontinuous and differentiable

(c) discontinuous and non-differentiable (d) continuous and differentiable
2
-
—, x#0
Consider f(x) = 1| x| g
e )
(a) f(x) is discontinuous everywhere (b) f(x) is continuous but not differentiable
(¢) f(x) exists in (-1, 1) (d) f(x) exists in (-2, 2)
The function y = [sinx]| is continuous for any x but it is not differentiate at
(a) x = 0 only (b) x = only
(¢) x = km (k is an integer) only (d) x = 0 and x = km (k is integer)
If the left hand derivative of f(x) = [x] sin(nx) at x = k, is an integer and [x] = greatest integer < x is :
(@ 1 (k- Dn (b) (1! (-)m (€) (1)~ kn (d) 1 kn
X e
If f(x) = o for x € R, then = f'(0) =
(a) 0 (b) 1 (c) 2 (d) 3
f(x) = ||x| -1|| is not differentiable at :
(@ 0 (b) 1 (c) 1.0 (d) 1

|
Let f(x) is differentiable at x = 1 and ;lmoz f(+h)=5 then f” (1) equals:
-

(@) 5 (b) 6 (c) 3 (@) 4

If f(x) is differentiable function such that f: R — R.and f (l] =0V n=1 nel then
n

(@ fx)=0Vxe(,1) (b) £(0) = 0 =r(0)

(c) f(0) = 0 but f7(0) may or may not be 0 @d|[fx)|=1Vxe @1
= > e <ee= b

&= 2y—1 l<ux oy
- (a) fis discontinuous at x = 1 (b) fis differentiable at x = 1

(c) fis continuous but not differentiable at x =1  (d) none of these

The number of points at which the function f(x) = |x — 0.5| + |x — 1| + tan x does not have a derivative in the

interval (0, 2) is :
(a) 1 (®) 2 (c) 3 (d) 4

If f(x) = x(\/_—\fx+l), then
(a) f(x) is continuous but not differentiable at x = 0  (b) f(x) is differentiable at x = 0
(c) f(x) is not differentiable at x = 0 (d) none of these

Function y = sin_l( i >
I+x
(a} |x| =:F b)x=1,-1 (el 1 (d) none of these

J is not differentiable for



is differentiable is :

The set of all those points, where the function f(x) = e

74.
(@) (-0, 0) (b) [0, ] (©) (o0, 0)(0, ) d (0, o)
75. The function f(x) = (x* — 1) |x2 — 3x + 2| + cos(| x|) is not differentiable at :
(@) -1 M) 1 © 0 (d) 2
76. If f(x) = x> — 2x + 4 and ﬁ;—_—{(—l), then value of ¢ will be :
(@) 0 ) 1 ©)2 d) 3
1 Vx<0

7 , then what is the value of f’(x) at x = 07

T et ) 2 l+sinx V 0<x<—2—
(d) does not exist

(a) 1 (b) -1 (c) @
78. The function which is continuous for all real values of cosx and differentiable at x = 0 is
(@) |x| (b) logx (c) sinx (d) 2
79. If f(x) is a differentiable function such that f: R — R and f [;) =0Vn>1lnel
then
(@ fx)=0 Vxe(01) (b) 7y =0 = {0
@ l/x)<LVxe (1)

(c) f(0) = 0 but f"(0) may or may not be 0

sinx forx=0 :
80. Let f(x) = and g(x) = e“ then (g o f)'(0) is :
I-cosx forx<0

(a) 1 (b) 0 (© -1 d) 2
S x+1, whenx< " .
et/ s 2x—1, whenx>2’ fen2)
(a) 0 (bh) 2 (c) 1 (d) does not exists
o _+x, x=2
82. nction f(x) = sl 8 is
(a) not continuous at x = 2 (b) differentiable at x = 2
(¢) continuous but not differentiable at x = 2 (d) none of these
83. If y =log+/tan0, then the value of % at 0 = 4 9
@ 0 (b) 1 ©-1 @2
84. Ify= \/sinx+\/sinx+\fsinx+... then % 1§
sinx ) Zy—1
@) 2p—1 () COSX—X e cos X 2y 1
85. The value of ﬁy at y = 1 for the function Jx +J_ 238
(@ 5 (b) 2 (c) 4 (d) -1
| 0
86. If y SRR then the value of = is
-2 2
b S d) —
U Of @

(@) ==
=

10



87.

88.

89.

90.

91.

92.

93.

94,

9S.

96.

97.

98.

99.

If x = and y = £, then the value of‘—fx—)z’ is :

3 3 3
1 2 L g
(@) (b) > (© o (d) 2
The value of differentiation of e w.r.t. x is :
(a) e (b) 3x2-2¢* (c) 3x3e® (d) none of these
Ify = \/x+\/x+\/x+..., then the value Of% is :
1 1 1 L
(a) b (®) T © 2yl (d 2+y
2
Thevalueofglzify=l+x+£-+£3—+... ek
dx Y 7!
; x n
@y-X ®y+5 )2 @y-1-%
n! n! n! n!
Iff(r) =mx+1,x < g and f(x) = sin x + n, x > -2’5 is continuous at x = g then which of the following is correct?
= = = 1L _mn ~
@m=1,n=0 (b) m > el {Cy > (dm=n >
. -1 d2
Ify= ot x,thenthevalue of (1 - x?) —;—3x.-@—}—y is :
Vl- x? dx dx
(a) 0 (b) 1 (€) 1 (d) 2
If f(x + y) = f(x). f#) ¥V x.y and f(5) = 2, f(0) = 3, then f7(5) is:
(@ 0 () 1 (c) 6 (d) 2
_42 dy
If x= and y= , then =7
14¢2 e dx
@ = () = © =< @2
y y x %
If x = a cos’0 and y = a sin® 6, then%=
@ I (b) -g/z ©) iﬁ (@ %F
¥ X X 2}
If y = 2 3%*1 then i
= dx
(a) log 2.log 3 (b) (log 18%)? (c) (log 18) (d) y (log 18)
If y = tan™! @ , then y'(1) is equal to:
e J_.
xX—Xx 1
(@) 0 (b) ) (©) -1 d) - 9
Ify=01+x)(1+x)A+xH+..+ (1 +x*), then the value of%—: at x =01is :
(@) 0 ®) -1 © 1 d) 2
If sin y + ¢* Y = ¢, then %’ at (1, ) is equal to :
(a) siny (b) — x cosy (c) e (d) siny — x cosy

11



_INPUT TEXT BASED MCQ’s

100. If o, B (where = [3) are the points of discontinuity of the of the function g(x} f(f(f(x))), where fx) = e

and P(a, @?) is any point on xy-plane. 1
Answer the following questions :
(1) The point of discontinuity of g(x) is :
(@ x=0,-1 (b) x =1 only (c) x = 0 only dx=0,x=1
(i1) The domain of f{g(x) is :
(a) xeR (b) xeR —{0, 1} (c) xeR — {1} (d) xeR - {0, 1, -1}
(iii) If point P(a, a?) lies on the same side as that of (¢, B) with respect to line x + 2y — 3 = 0, then
(a) ae (—%, 1) (b) aeR (c) ae (—_;, 0] (d) a€(0, 1)
(iv) Consider the function f: R — R such that f(x) = x, if x 2 0 and f(x) = -2, if x < 0, then which of the following
is correct?
(a) f{x) is continuous everywhere xeR (b) f(x) is continuous at x = 0 only
(c) f(x) is discontinuous at x = 0 only (d) f(x) is discontinuous at every xeR

(v) The function f(x) = |x| + ];—l i5s

(a) Continuous at the origin
(b) discontinuous at origin because |x| is discontinuous there

! | .

(c) discontinuous at the origin because is discontinuous there.

(d) discontinuous at the origin because |x| and | | are discontinuous there

101. Let f{x) be a real valued function, then

® Left hand derivative (LHD) : Lf(a) = \

® Right hand derivative (RHD) : Lf'(a) = OM

Also a function f(x) is said to be dlﬁ'erentlable at x = g if its LHD and RHD at x = a exits and are equal.

AR AC))
_,.

: ax? +b oe<—]
For the function f{x) =
bx? +ax+4 el

Answer the following questions :

(i) The value of a is :

(a) 1 (b) 2 (c) 4 (d) 5
(ii) Find the value of &. :
a). 2 (b) 4 () 3 5
(iii) flx) is continuous at
(@ x=1 (b)) x=4 () x=3 (d) everywhere
(iv) Find the value f7(2) :
(a) 6 (b) 10 (c) 8 (d) 5
W) f(x) is
(a) continuous at x = 1 only (b) continuous at x = 2 only
(c) continuous everywhere (d) discontinuous at x = 1

12



Loy e 3. (a) 4. (b) 5. (b) 6. (a) 7. (d) 8. (d) 9.(a 10.(d)
i1, @) it 13.(c) pld@ =56 16.0° 17.0) 18.@) . 29 (c), 200
Ba ) g by 28, (@SB B 2560 - 26. () 21 ()., <28, . 29-():r 30N (DD
3.} - 32.() 3% (2 EHEL 5@ 366 37.@) . 38.0) 3967 WD
41. (c) 42.(d) 43.(b) 44.(b) 45.(a) 46.(c) 47.(b) 48.(c) 49.(b) 50.(b)
51.(b) 52.(b) 53.(b) 54.(b) 55.(a) 56.(a) 57.(b) 58.(a 59.(d)  60.(d)
61. a) 62.(a) 63. () 64.() 65 (a) 66.(b) 67.(b) 68.() 69.(b) 70.(c)
LB @) Bt 0 U@ 76, (@ @ T8 T9.() T8 (b)
81. (d) 82.(c) 83.(b) 84.() 85.() 86.(b) 87.() 88.(d) 89.(b) 90.(a)
9. (c) 92.(8 9.(c) 9. 9.0 9% 9@ 980 9

100. (i) (¢) (i) (@ (i) (@ (@) @ () ()

101. (@) ) G) @© @dr ) (V) (©

Hints to Some Selected Questions

1. d) u=f(x) = ﬁ is discontinuous at x = 1

1
y =Rglays =

3 = is discontinuous at ¥ = -2 and u = 1.
Wb W2

f

(u-1)

1
—
B [ —

1
when v =l St =1 = v = 2
x—1

2 Function is discontinuous at three points x =

x4

e [Lz-lj[_;._@ ESE

x x
f(g(x)) is discontinuous at x =+ 1, x = %

, 1,2

[ 3]
B | =

and x = 0.

(F%)
)

L@ f(x)=+x)2 B+ + A+ 0)[g@](-D=+32"
. (b) Letg(x) = f(x) — f(x + 1)
g(0) = £(0) - (1)
g(l) = f(1) - f(2)
g(0) + g(1) = 0, (g(0) and g(1) are of opposite side)
f(x) = f(x + 1) at least one root in [0, 1]

e

uReny

8. (d) y = sec(tan"'x)

% = sec(tan 'x) tan(tan'x) i : =

a’y \/— 1 1
- =2 X ===,
dxx=l 2 \/-2—

2 2
0. @ fim L= _ iy 20p(a) - a2 17(x) = 20f (@) - 217D

x—a X it x—a

13



d
- (d) g() = 2(/2f(x) + 2)) [E(f (27(x) + 2))} =2/(2f(x) +2) - f'2f(x) + 2)-2f " (%)
g'(0) = 2/(2/(0) + 2)-f'(2f(0) + 2)-2f " (0)) = 4f(0)-/(0)(2f(0) = 4(-1)(-1) = 4

13.

15.

16.

i g

18.

19.

20.

21.

x< 0

© /@) =

(1 - x)?
1

[+ x)?
.~ f(x) exists everywhere.

[ =

(o) Fillh=

 Ifa functlon is differentiable so it is continuous,

f(1+h)
h

f(1+h) S
h

lim
x—0
Hence, /(1) = lim
S h—0
5 1 — tas 1
SHAD X 5 et nx _1
n 4x-T 2

x—)-z-

®) ') = f(x+h) f(x)
h%O h

el = hm|f G0 =S < iy

h—0

= 5 and hence f(1) =0
b 5
pos e .

(b) f(x) =

»>
h

S ®)|<0 = f/(1) = 0 = f(x) is constant as f(0) =0 = f(1) =0

(a) as f(1) =2 and f'(x) > 2, V x € [1, 6]
J(6) =)
5

Apply lagrange’s mean value theorem,
F(6) =10 = f(1)
f(6)>10-2=8
) x=&**
logx—y+x=>logx_x—y=>%=% I:I—x_—x
®) f(O)=f(0-h=1

FO+h)=0
LHD. # RHD.

(d) If f(x) is continuous at x = 0

2—-Ax+4

f(0) = Bm—=>"—L' Hospital rule,

= f(e)22

1 1
£(0) = Hm( 2\/x+4J 2\/“ 1

x—0 2cos 2x S 20050 - 8

14



22.

23.

24.

25.

26.

g

30.

31.

33.

x(x 2) 5

®) f(x)= S Continuous at x = 2
1
x'fi‘zx+2 DD
(d) f(x) is continuous at x = 2

hmf(X)~f(2)=> IimQ2x+A)=6-4 = 11m2(2 N+A=2 = 4+pA=2=A==2

x—2

(b) Apply L'Hospital rule

o2 e =
F(0) = lim &Y= *{IJ el
x—0 (2+ 1 ) o
1+x2
(a) Apply L’'Hospital rule
lim f(x) = lim f(x)= f(1)
x—5 x—1-

=25%x1-4=4x1+3xbx1=b=-1

© lmf0)- lim f0) = 70
11m5(1 B)-2=lim 21 +h)+1=k = k=3

h—0

© f[§)= lim _f(x)

x—oT/2

1-sinx

x—m/2 T—2x
Apply L'Hospital rule
—CoSX

A=

A=:lim = A=0
x—m/2 — :
() LHL = lim f(x) = lim (—x) sm( —|=0
x—0" x— %

RHL = lim f(x) = lim x? sin(lJ =0
X

x—0" x—0

f(0) = lim f(x)= Lm f(x)=

x—0" x—0%
-~ f(x) is continuous at x = 0

(b) lim f(x) = lim (x+ e

: : X
lim x cotx lim —

= lim f(x) = hm (x + 1O = ox—0 = ex—o0tanx _ 1 _

x—0

sinx x20

Gl {sin(ux) x<0
cosx x=20

f'®)= {

—-cosx) x<0

. f(x) is not differentiable at x = 0 and f(x) is a periodic function.

15



. (b) LHL = lim f(x)= lim x> =0

x—0" x—0

RHL = lim f(x)= lim x> =0
x—0t x—0

-~ RHL = LHL

x2+x x=20

- (a) [0 =
Xz =% <0

LHL = lim f(x)= lim f(0—h)= lim(-h)> +h=0
S0 h—0 h—0

RHL = lim f(x)= lim (0+4) = lim(h)> +h=0
=0T h—0 h—0

-~ RHL = LHL = £(0).

ol
x.sin— x=#0

. (a) F(x) = X
0 x=0
F(0) = lim xsin(—l—Jz 0
x—0 X

F(x) is continuous on R.
. (b) f(x) =1+ | x|, g(x) = sin x are continuous everywhere. Therefore fog is continuous everywhere.
= 1 + | sin x | is continuous everywhere.

[ e |

- (d) fix) = { 3

X x <1
f(x) is continuous for x € R and not differentiable at x = 1.

. (¢) Since f(0) =0

o o SORERISO s )
7 el v Mo (05 M)
J®) =kx + ¢ = fx) = kx
@ s3)=0 ,
lim f(x)=lim@3-h)=lim[3-h-3|=0
AT h—0 h—0
lim f(x)=lim(3+h)=lim[3+~-3|=0
naE h—0 h—0

Hence, 1t is continuous at x = 3

bkt (g] =3 as f(x) is continuous at x =
lim (k""s"]:f(-"q:ﬁ:?, =k=6
x—n/2\ - 2x 2 2
. (b) As limit of function is @ + b as x — 0, therefore to be continuous at a function, its value must be a + b
atx=0=f(0)=a + b
. (0) lim f(x)=f(0)= lim(1+x)"* =e
x—0 x—0

x+1

. (b) fx) = P e

SRR

Hence the points are (3, -4)

16



48.
49.

50.

s1.

S2.

53.

54.

55.

59.

61.

62.

(c) f0*) =A0) = 2 and f{0) = 2. Hence, f(x) is continuous at x = 0

(b) (i) which 0 <x<1
. f(x) doesn’t exists as [x] = 0, here,

(ii) Also, hm f(x) and lim f(x)does not exist.
o x—1"

Hence, f(x) is discontinuous at all integer and also (0, 1)

mzax 5) 2

) hmf( = .a“=a" andf(0)=1
(ax

. f(x) is discontinuous at x = 0, when a # 0.

28in 2% 2
b): =l = lim =—=k
®) xl—ril()f(x) x2S 5
() lim f(x)= l [2sm 2I)4=8
x—0" (2x)

lim f(x)= lim V16+Vx+4=8

xﬁ»0+ x—0T
Hence, a = 8

®) lm ()= Hm (x+2)(x2 +4) = 32

x—2 x—2
f2) =16
-~ f(x) is discontinuous at x = 2
B i Ay R - =7 7
x—=5 (x+5)(x-3) 8 8
@ lim, [)=/G)= lim /(3
o3
lim =4 or 11m3—h+m=4
x—3 h—0
3+m=4=>m=1
G
Can seen in graph it
is continuous but tangent.
is not defined at x = 3.
[x=3]
1) x 0<sx=s1
xX)=
@ 1<x<2
lim f (x) = hm (1 h)
x—1"
lim f(x)= 11m(1+h)‘1
il
- Function is continuous in (0, 2) seen in the graph it is not differentiable
(a) f(x) is continuous at x = 0

17



65.

66.

68.

69.

71.

72.

74.

75.

flx)y=|x|=|0|=0
fO+h)=|0+h|=]|h|

i JOE RS e M:_l
e h Fate

i LU RS O Fe s
h—0* h X0t

Not differentiable.

[k~ hlsinn(k — b) - [k]sinmk _ . (~D* Yk = 1)sin mh
—h h—0 —h

(@) f(k - 0) = lim = (-)F @k -Dm

o x
®) Letx<0= |x|=-x=/() = E(TJ

X
[f'(x)]xzo--l againx> 0= |x|=x

S e e / i

T

(a) f’(l) = lim M
h—0 h

fin S EBE o tud hente A= 0

x>0
St
—_h =

Hence, £'(1) = lim 5
h—0

1 1 el
(b) A1) = f(;] < f[§)= ;TO[;J -

Since there are infinitely many points in x € ((0, 1)

where f(x) = 0 and lin f(-:;)=0=>f(0)=0]

There are infinitely many points in the neighbourhood of x = 0 such that
f(x) remains constant in the neighbourhood of x =0 = f(0) =0
(b) Function f(x) =[x — 0.5| + |x — 1| + tan x
T
x=05, 1.5 (0.2
(d) Since the function is defined for x > 0 i.e., not defined for x < 0.
Hence, the function neither continuous nor differentiable at x = 0.
(c) Leth(x) =x, x € (—o0, )
gx)=1+|x|x€ (-, ®)
Here 4 is differentiable in (—0, o) but | x | is not differentiable at x = 0.
Therefore, g is differentiable in (—0, 0) U (0, ) and g(x) € 0, x € (-0, ©)
h(x X
fo=20__2
glx) 1+|x|
It is differentiable in (-0, 0) U (0, ) for x = 0.
(d) Since | x | is not differentiable at x = 0,
2 -3x+2/=(x-1x-2)
It is not differentiable at x = 1 and 2
f(x) = (x* = 1) |x* — 3x + 2| cos + (|x|) is not differentiable at x = 2.

18



74755

78.

79.

80.

81.

83.
84.

85.

86.

87.

88.

89.

90.

91.

92.

0 Vx <0

d) f'(x) =
@ f'& CcoS X Ostg
" 0 x=0 . .
f10) = = f(0) does not exists.
cos0=1

(c) Since, % = cos x which is defined at x = 0 and no other differentiable coefficient is defined at x = 0

1 1 : 1
(b) f(1) = f[i):f(ng“' hlinmf(;]=
f(0)=0
= f(x) remains constant in the neighbourhood of x = 0 = f7(0) = 0
(b) (g 0 /)x) = glf(x)] = g[1 - cos x] = &'~ for x < 0
(g 0 f)(x) = e *sin x forx <0

(gofY(0)=0
24h)-fQ2) . 4+2h-1-3 —h)- 12
@) Rf'Q) = f(_)__ﬂ_.l lim ~T=2 """ =9 and 1f‘(2) = lim J2=n-rl) =
Thus, f (2) does not exist
(b) y=logvtan® = y——logtane—ﬂz:» - seczez(ﬂj =lx(ﬁ)2=1
do  2tanf e
(d) y=\,‘smx+y=>y2=smx+y
2yd—y =cos x + ldy OF S
dx dx  dx 2y — il
1
@@ Aty=1=Jx+1=2=Jx=1=x=1 s i =>Q:—1
Jx 2\/_dx
_ (x=D)- (x+1)(1) yllax=ls O
(b) = g 2
(x-1)? dx (x-1) (x-1)
(c)x=t2,y=t3
dx d dyp_ 3 > x5 1 3
dt e B =0 e TR TE T
3 3 3
@ y=é :>§Z=e" (3x2) = 3x2e"
X
i dy dy dpr el
= =x + Sy
(b) y= Jx+y = y*=x y:>2ydx 1+dx o
dy A ! dy x" x* X Ly e
S L o =4+ —= — =y
@) =1 3 T TEe i r 1+x+21+ = e
(c) Since f(x) is continuous at x = g
So, lim f(x)= lm f()=f() = "i1=sinZ+n=n=""
n nt S 2i 2
x——)E x—>-2—

@ (1- %:— — xy = 1 (differentiable first time)
dy

d? y
Again differentiate w.r.t. x, we get (1 — x)—=-3x.——-y=10
g get (1 - x7) = e
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93.

(7]

(©) flx +y) =fx) x f() = f(x +y) = ' ®)-f0)
Putx=0and y=x= ()= (0)f(x) = f'(5)=3f(5)=3x2=6

dx_ (20(-1%)- (1—z )2t) _ 2426 -2 +20 _—ar+4  —4(1-1%)

94. (c) = £
dr ATy (1+1)? () (Bre)
2 2 2 aﬁ’
dy _200+17)-2¢(2t) 2425 -41° D0l 2(1—t ) w0
dt (TP A+2)? 1+2)2  (+£2)? dx s gl e
dt
95. (b) dy = — 3acos?0 sinb, B o = dy 88 BCOSG ity —\[-JE
dx 3acos?Bsin®  c0s0 x
97. (d) y =tan_l[ Vx—x J:tan“(ﬁ)—tan‘l (x)
11/ xx
Differentiat t f= )y : - :
ifferentiate w.r.t x, we ge = . -
. Y e E
181 1
) e B
ssis sy
99. (c) cosy%+e_xcosy[xsmy3x}—)—cosy}=0
(dy) i GO aials
w:mﬂn) C%y+xﬁnyé“w”’ -1+0xe

00 o = ) =
] =% x
i) (@ &) = fFU@)) = x xR - {0, 1} = f(gl) = T = ¥ # 0, 1

0,5} [t
o 2
(iii) (d) From graph ac (—23 1] R

g (1,0) (3,00~

x>0

(iv) (a) flx) = { 2

—x=ax <)
£ lim f(x)u—hmx =0 s 11m f(x)=lmx=0 23
LHL Fpe sty R S %30 and f(0)

(v) (c) since, |x| is discontinuous at x = 0 and i is discontinuous at x = 0
: -

= &) = bt i is discontinuous x = 0.
%

101. (i) (b) f(-1) = llmf(x)—whma(l h) +b Sb-a+d=a+ba=2

b

X

0 - it is continuous

i) (© fE-1) = | hm f(x)“—hm(za)( 1-m)-2a _ sp(1)y+a=-2a;3a-26=0—>b=3

(iii) (d) since, [’ (x) is continuous everywhere, so f(x) is also continuous everywhere.
V) d) () =2ax=2f(x)=4x=f(x)=4x2=8.
(v) (¢) f'(x) is continuous everywhere
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